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Abstract

An extension of the concept of an Index Matrix (IM), called extended index matrices (EIMs) is introduced. Different

operations over EIMs are also introduced.
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1. Introduction

In 1984, Prof. K.T. Atanassov introduced the concept of
index matrix (IM) [1, 2]. During the next 25 years, some
of its properties were studied, but in general it was only
used as an auxiliary tool for describing of other mathe-
matical objects. In the beginning of the year, Prof. K. T.
Atanassov collected his research over IM and published
the book [7]. In it, a few extensions of the IMs are defined.
Here, a new extension has been introduced that gener-
alizes two previous extensions:Extended IMs (EIMs)
and 3-dimensional IMs (3D-IMs). The following are the
assumptions and notations used.

(i) Jis fixed set of indices
(ii) R be the set of the real numbers
(iii) (K, L c J) are index sets

2. Basic Definitions

Definition [1, 2, 7]: Consider a fixed set of indices (7)and
a set of real numbers (R) . By IM we mean the object:

ll lZ ln
k, A1, 9,1, A1,
(K, L, {fi,,1 31= ky | @, @ 1 s
k. A1 B0 A 1,
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where, K={k,k,, ...k },L={L,L, ...
1<j<n: 4.1, € R.

In [5, 7], the IM is extended to the following form:
for J,

ln},for 1<i<mand

T =ipip ... i)|(Vji:1<j<n)(ie T}

r=yr

1<n<eo

and

Let X be a fixed set of objects. In particular, they can
be either real numbers, or only the numbers 0 or 1, or
logical variables, propositions or predicates, etc. Let the
operators °,%: X X X — X be fixed. An EIM with index
sets Kand L(K, L < J*) and elements from the set X is an
object of the form:

L l; l,
k, AL, A1, A1,
(K, L,{a, ,1;}]= '
k. > b
o k; A, A1, A1,
k,, A L, 1 G,
where, K=1{k, k,, ... km},L ={l,L,... ln} for1<i<m,and

l<j<n:a e X. In [6,7,9] the concept of a 3D-IM is
introduced, as follows. Let 7 be a fixed set of indices and
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Xbe a fixed set of objects. Following [6], we call “3D-IM”
with index sets K, L and H(K, L, H  J), the object:

(K, L, H, {aki’lj’hg 1
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. . . .
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where, = K=1{k,k, ...k },L={l,1,...1},H=1{h,h

h}for1<z<m,and 1<]<n,1<g<f 1,
€ X The intuitionistic fuzzy pair (IFP) is an ob]ect
with the form {a, b), where, a, b e [0,1] anda + b < 1
that is used as an evalution of some object or process.
Where a and b denote degrees of membership (valid-
ity or correctness) and non- membership (non-validity
or non-correctness) respectively. Consider two IFPs
x = {a, b) and y = (b, d). The following relations have
been defined in [8]:

x<yiffa<candb>d
x<yiffa<candb=d
x=yiffa=candb=d
x2yiffazcandb<d

x>yiffa>candb<d
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Similarly, the operations conjunction and disjunction
can be defined as follows:

—x ={a, b)
x Ay ={min(a, c), min(b, d))
x v y ={max(a, c), min(b, d))
x+y={a+c-acbd

xy={acb+d-bd)

a+c b+d
T T

In [4], definitions of 138 implication operations and
34 negation operation are given — the simplest one is
given above.

3. Definition of a 3D-Extended
Index Matrix (3D-EIM)

Let X be a fixed set of some objects (real numbers, the
number 0 or 1, logical variables, propositions or predi-
cates, IFPs, etc.). Now, define a “3D-Extended Index
Matrix” (3D-EIM) with index sets K, L and H(K, L, H C
J?) and elements from the set X:

(K. L H{a; ; , 1]

278
hg I, I I
ky Uoh, 1 O, 1) he Ok, zn hy
) : : el

k~ a .- qa e a 4

i | Fdoh, kool kool b
k,, A 1.k A1, A, 1,.h,

where, K=1{k,k, ...k },L={l,L,...1},H=1{h,h, ... hf}

forl<i<m,and:1<j<n 1<g<f:a, ,,:€ X
i27j g

4. Operations over 3D-EIMs

Let 3D - EIM,, be the set of all 3D-EIMs with elements
being real numbers, 3D - EIM , be the set of all
(0, 1)-3D-EIMs with elements being 0 or 1, 3D — IMP
be the set of all 3D-EIMs with elements - predicates and

3D - EIM ,, be the set of all 3D-EIMs with elements — IFPs.
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Let X, VY, Z, ‘U be fixed sets. Let the operations “ * ” and
“°” be defined so that:

#*: X x Y — Zand ©:Z x Z — “U. Let the index set
J* be given. We will define some operations over the
3D-EIMs A and B

4.1 Transposition

As discussed in [5, 7], there are 2 (= 2!) EIMs, related to
this operation: the standard EIM and its transposed EIM.
Now, for 3D-EIMs, there are 6 (= 3!) cases: the standard
3D-IM and five different transposed 3D-IMs. By analogy
with [7], it is shown that the following are the geomet-
rical and analytical forms of the separate transposed
3D-EIMs,

[1,2,3]-transposition (identity)
p ty
H [1,2,3] H
(K ﬁ) K ﬁ
(KL HAay ; 1, Nl = (K, L Hia, ), 1]
[1,3,2]-transposition
H [1,2,3] L
)
(KL Hfay y ,, 1" =[K L Hfay, 5, ;]
[2,1,3]-transposition
H [2,1,3] H
(K ﬁ) L @
(K, L, I—I’{aki,lj,hg NP = (LK H, {“lj,k,-,hg 1]
[2,3,1]-transposition
H [2,3,1] K
[K ﬁ) L ﬁ
(KL H{ay ) NS =L, H, Kfay ;, i}l
[3,1,2]-transposition

H [3,1,2] L
K|L H ﬁ

(KL Hiay ), NP2 =[H K, Liay 1}

- 66 | vol1 (2) | July-December 2014 | www.indjst.org

[3,2,1]-transposition

()

(KL Hia, , W =[HLKA{a, ;)]

4.2 Addition [3]
A® B=[KUP,LUQHURIC,, .}

where

1 h,> ift,=k €K,v,=l,€eLandx,=h, e H-R
ort, =k €K,v,=l,eL-Qandx,=h eH
t,=keK,v, =l eLandx =h,eH-R

b, g ift,=p €P,v,=q €Qandx =¢,eR-H
ift,=p,eP,v,=q,€Q-Landx, =¢, €R
ift,=p,eP-K,v,=q,€Qandx, =¢; €R

ak(,l},hgObp,,qs,ed’iftu=ki=preKmP’vw=lj:qSELmQ
andx,=h, =e; eHNR
0 for A, Be3D — EIM, other wise
or A,Be3D—EIM,, ,
F for A,Be3D—EIM,
{0,1} for A, Be3D — EIM,,,

{Ctu,vw,xy}z

Where, here and below F means “false” and

(+","%", "max", "min"}, if Ae3D - EIM,
o€ {"max", "min"} if Ae3D — EIMy
{'A","v","=>""="}if Ae3D—-EIM, orAe3D—EIM,

4.3 Termwise Multiplication [3]
A®, B=[KNPLNQHNR, {Ct Yok, H

Where, {C, | x}]zak,h obpq fort =k =p e KN
Pv, =l= qeimQ hdgx —e eHmR Here,"°"

is as above.

4.4 Multiplication [3]

This operation is related to the operation “transposition”.
There are six different operations “multiplication”. The
first (standard) multiplication is

[1,2,3]

A®B=A ® [KUQLUPHURI(C, , .}
(o,%) (0,%)
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where
a , ift,=k eK,v,=l.eL-P-Q andx, =h_ €
(a1 ift,=keKv,=l,eL-P-Qandx, =h, eH
i2ljo Mg
ort,=k €K-P-Qv,=lelandx =h,€H
b, 4. ift,=p ePv, =g, eQ-L-Kandx =e,eR
ort,=p,€P,v, =g eQ-L—-Kandx, =¢, eR
c - i;’.ak”,ﬂhg *bpy’qyzd,if t,=€K,v,=g,€Q
t“,vw,xy - _ _
andx,=h,=e; eHNR
0 for A, Be3D — EIM, other wise
orA,Be3D—EIM(0)1)
F for A,Be3D-EIM,
{0,1} for A,Be3D - EIM,,
where
{(+,%), "(max, min)"}, if Ae3D - EIM,,
(o, %) € {"(max, min)","(min, max)",} if Ae3D - EIM,

0,1}
{"(AV)" " (A, V) "), if A€3D —EIM, or Ae3D - EIM,,

The geometrical interpretation of this operation is

7

Eils

Let [x, y, z] be a permutation of triple [1,2,3].
Operation [x, y, z]-multiplication is defined by:
[xy.z]

A ® B=A@® B¥
(o,%) (o,%)

» o«

For operations “addition”, “termwise multiplication”
and “multiplication’, in the case of 3D — EIM , X = Y =
Z="R; in the case of (0,1) - 3D EIMs, X = Y = Z={, oo}
in the case of 3D - IM,, X =Y =2 is a set of logical
variables, propositions or predicates; in the case of
3D-IM_ ., X= VY= Zisaset of IFPs.

IFP

4.5 Structural Subtraction [3]
A@BZ[K—P,L—Q,H—R,{Ct vox }]>

wrwrty

where - is the set-theoretic difference operation and

Cryye, = Wt iy fort,=k;e K-P,v,=1l,€e L—Qand

xyzhgeH—R

4.6 Multiplication with a Constant
a.A= [K> L’ H) {aa aki,l.,h }]>
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where, a is a constant. If X' = R; then a € R; if X = {0,1}
then a € {0,1}; if X is a set of logical variables, proposi-
tions, predicates, or IFPs, then a has sense only when it is
some operation “negation”. In the latest case, the operation
has the form

~A=[K. L. H.{~a, , }]

4.7 Termwise Subtraction [3]
A—(.)B=AEJD)(—1).B=[KUP,LUQ,HUR, (Cpri )]

where,

e ift, =k eK,v,=l,eLandx =h,eH-R
ort,=k €K,v,=l;eL-Qandx,=h eH
t,=ki€eK-pyv, =lelandx =h eH
7hpr)qw’ if A,Be3D - EIM, iftu:prEP,VW:qseQandxr:edeRfH
0if A,Be3D-EIM,,  ift,=p,€P,v,=q,€Q-Landx, =e, €R
—b, oo A Be3D-EIM, ift,=p eP-Kyv, =q€Qandx =¢ R
if A, Be3D - EIM,,
Jift, =k =p,eKnPv, =l=qeLNQ

e 1=
akl,l/,hg Dbpr’qs’ed
andx, =h, =¢;eHNR
0 for A, Be3D - EIM,, other wise
or A,Be3D~EIM,,
F for A,Be3D-EIM,
{0,1} for A,Be3D - EIM,,

where,

a— fif Ae3D—EIM,
ao f=max(0,a— f), if Ae3D - EIM,, ,
an—porv—p,if Ae3D—EIM, or A,Be3D - EIM,,

5. Operation “Reduction” over
3D-EIM

In analogous to [7], the operations “reduction’,
“projection” and “substitution” over an 3D-EIM, have
been introduced. Firstly, we introduce operations
(k, L, L) - (L, L L) -and (L, L, h) - reduction of a given
3D-EIM A=[K, L, H,{a; ; ;, }:

A(k,J_)J_) = [K - {k}) L) H) {th’vw,xy }]
where
Croyot, =t fort,=k €K,v,=l,eLandx, =h €H.
A(J_,Z,J_) = [Ka L - {l}a H> {Ctu’vw’xy }]>
where,

Comyr, =l fort, =k K—{k},v, =l,€ Landx =h € H,
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and A(L,L,h) = [Ka L’ H _{h}’{ctu,vw,x}, }]
where,

C

t,Vy, WXy

= fort =keK,v, —l eLandx —h € H-{h}

Secondly, define

A =)

(L,1n)

ie.,

Ay =LK —{k}, L—{l}, H={BL{C, , ., 1]

where,

Covox = fort, =k eK—{k},v, =l eL—{l}and
wlwty i>tjle

x, =h, € H—{h}. For every 3D-EIM A and for every k,,

k,e K,I,l,e L,h,h,e H

(At )(kz,lz,hz) =(A0ss )(kz,lz’hz’) :

Thirdly, let ={p,p,,...p} €K, Q=1{q,9,...q} L
andR={r,r,...r}cH,pe K,le L,he H,Now, define
the following four operations:

Apin = ( ' '((A(Pl”’h) )(pz,l)h))m) ’
(pesbh)

A(k,Q,h) = ( : '((A(k,lz,h) )(k,lz,h) ) . )(k I,h) ’

A(qu> :( ((A(k,l,fﬁ)(k’l’r))--.) >
2 (k.Lr,)

Ao :( ((A(pl Q H>)(p Q’H)]mlp o
5-Q,

= ( . '((A(p)qu) )(p,qz,H)) ) ')(p,qu)
= ( . -((A(p,QJ]) )(p,Q”'z) ) . ‘J(P,Q)fu)

Obviously,
A(K, L, H) = I@’
A@) 0.0 = A.
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6. Operation “Projection” over
an EIM

Let Pc K,Qc L, R c H. Then,

Prp,Q,RA =[P,Q,R, {bki’lj’hg 3,

where

(Vk € P)(V1,€ Q)(Vhy € R)(By 1 s, =00,

77

7. Operation “Substitution” over
3D-EIM

Let the 3D-EIM A = [K, L, H, {ak, . ,}] be given. First, local
substitution over the EIM is defined for the pairs of indices
(p, k) and / or (g, ) and / or (r, h) respectively, by

[%;J_;J_:|A=[(K—{k})u{p},L,H,{ 1

aki’j’hg}

L _
[L;T;L A=|K(L=W) gk Hy, (o

[J_;J_;ﬁ A= K,L,(H—{h})U{T}{ lh}]

[B,E,L]Az[ﬁ 5 L][L 4 L][L;L;L]A
k'’ h k l h

[ (K={k}) o {ph (L) {ah (H-{n) o rHay

Let the sets of indices P = {p, p,, ... p, }, Q = {q,, 4,

qn}, and R = {rl, Ty e rs} be given, where m = card(K),
n = card(L), s = card(H). Third, for them we define
sequentially:

Lk kK

m

[%;J_;_L A= pl p2“‘pm J_J_}

L;Q;J_ A= J_;ﬂq_Z...q_";J_; A,
L LL

n
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= |

J_;J_;E A= J_,J_;r_lr_Z...r_s A,
H | h h, h

alVe)
T | =

A= [P) Q) R’ {ak,l,h }]
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