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Simulation model of the sucker rod string
buckling configuration in vertical well tubing

A new model based on the entire rod string buckling
configuration in vertical well tubing is proposed. The
buckling configuration for the rod string constrained in
vertical wellbores is divided into four sections: the bottom
and second suspended sections, the middle helical section
and the top suspended section. The mathematical model not
only includes the bending differential equations above the
four sections, the boundary conditions at two ends, but also
the continuity conditions at contact points whose positions
are variable. The numerical simulation of the entire rod
string buckling configuration is realized through
transforming the mathematical model into non-linear
algebraic equations solved by a genetic algorithm. The
simulation results show that the boundary conditions at the
two ends have little effect on the helical buckling
configuration, but, however, the boundary condition,
especially at the bottom, has a considerable effect on the
configurations of the suspended sections. Compared to the
previous results, the new model provides a more accurate
description of rod string buckling and can simulate a more
genuine buckling configuration of the rod string in the
downhole.

Keywords: Sucker rod string, genetic algorithm, Runge-
Kutta, boundary constraint, buckling configuration.

1. Introduction

The method for calculating the critical buckling load of
rod string in vertical wellbores is the theoretical basis
of predicting and preventing the eccentric wear of rod
and tubing. The rod string buckling in the vertical well tubing
of petroleum engineering field is equivaent to slender rod
buckling in acircular cylinder. Previous studies show that the
buckling configuration of the rod string in a vertical well is
divided into two categories. the plane (two-dimensional) or
approximate plane buckling under the lower axia compression
[1-3]; and the spatia (three-dimensional) buckling under the
higher axial compression [4-15]. The theory about first-order
plane buckling has been studied intensively; however, spatial
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buckling has developed continuously with more and more
complicated problems.

Generally, when considering the effect of the boundary
conditions on the configuration of the rod string, the entire
spatial buckling of the rod string in a vertical well is
composed of four sections: the bottom and second
suspended sections, the middle helical section and the top
suspended section.

As regards the spatial buckling of the rod string, the
formula based on the relationship of axial force and the pitch
was obtained by Lubinski under the assumption of isometric
spiral [4]. Then the helical buckling of the rod string was
developed by different methods [6-9], but remained at the
level of weightless helical buckling. Later, some experts began
to research the rod string buckling with weight. Mitchell built
a relatively new model combining the buckling equation of
the rod string and the boundary condition at the bottom end
based on the following two points simplification [12]: (1) the
equation of the helical section is solved by the way of
reduced-order; (2) by only considering the bottom two
suspended sections and the middle helical section, not the
integral rod string, as the research object. So the entire rod
string buckling problem remained unsolved although his
buckling theory made significant progress. Afterwards Gao
[10] established the helical buckling model and obtained the
critical load for one period of the helix, but only considered
the middle helical section local relative to the whole as the
object of the study, so that the relationship between the
buckling equation and the boundary condition was also not
established. Similar to Gao, the calculation method of the
critical helical buckling load of the rod string in an inclined
well was presented by ignoring the bottom and top
suspended sections by Tan et al. [16]. Recently, the entire rod
string model was built by Huang et a. [17] by the approximate
analytic method, which is also based on the simplified
equation and used only a rod of length limited due to the
limitations of the selected method.

Based on the above unsolved problem and the actual
requirements on eccentric wear of rod and tubing, a new
model of the entire rod string was established, including the
axial distributed load, the boundary conditions at two ends,
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the continuity condition at contact points whose positions
are variable, and the middle complete differential equation at
the helical section instead of the simplified equation. The
configuration of the entire rod string was obtained with all
the factors considered above. Finally, their interrelationships
are also discussed.

2. Mechanical and mathematical model of
the entire rod string

The mechanical model of a compressed rod string with weight
constrained in the tubing is shown in Fig.1(a). When the axial
compression load exceeds a certain critical value, the rod
string touches the inner surface of the well as shown in
Fig.1(c); with the compression load increasing gradually, the
three-dimensional or helical configuration starts to appear
under the constraint of the wall as shown in Fig.1(b) and
Fig.1(d). In order to research the spatial helical buckling for
convenience, the following assumptions and simplifications
are considered:

1. The centerline of the wellbore is coincident with the
centerline of the rod string in the vertical well.

2. The inner wall of the tubing is rigid, and friction and
torque are neglected.

3. The constraint of the rod string at the top end is simplified
as being a fixed end or pinned end; the bottom end is
simplified as being a sliding fixed end or pinned end.

4. The effects of the connectors are not considered.
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Fig.1 Mechanical model and buckling configuration: (a) The
Mechanical model, (b) Buckling configuration, (c) Geometric position
of the rod string, (d) The top view of buckling configuration
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5. The deformation belongs to linear elastic behaviour with
small deformation.

6. The weight of the rod string is an axial distribution load
which is regarded as a constant with the unit N/m.

In order to depict the new model, two coordinate systems
are established, as shown in Fig.1(b) and Fig.1(d). The
rectangular coordinate system is used to describe the
bending deformation at the bottom two suspended sections
and top suspended section. The polar coordinate system is
used to describe the bending deformation of the helical
section, namely an arbitrary axial position x corresponds to
the angle.

The mathematical model of rod buckling is composed of
differential equations corresponding to different sections,
boundary conditions at two ends and continuity conditions
at the contact points.

2.1 THE BENDING DIFFERENTIAL EQUATION OF THE ROD STRING
2.1.1 Buckling equation of the middle helical section

According to the mechanical analysis of the micro-
element, the differential equation with the weight rod string
in the tubing can be expressed by:

4 ’
EI‘;—Z (ij—y)+N,cos9=0

X X

4 \ 1
EI%+(FX§j +N, sinf =0

X X

where N, is the contact force per length, N/m; F. is the axial
compression of the rod string in section x, F.=F-qx; F is the

pump end load, N; E is the elastic modulus, Pa; and [ is the

moment of inertia, m?.

When Eq(1) is expressed by the polar coordinate system,
the helical section buckling equation and contact force
equation for the rod string in the tubing are divided into the
following two equations independently:

EI6“ —6EI070"+(F.0.) =0 )
N, =nEI(-0/" +307 +40,07)+ nF.0" .. ()

Here we letw,=+F/El, by introducing the

dimensionless distanceé = w,x , the dimensionless contact

forcen: =N, / (Eliba{)4), the dimensionless distribution

__ 49
force per unit length €= EIO)O3 , Eq(2) and Eq(3) are

simplified into their dimensionless forms:

0:* ~60.%67 + [ (1-e£)6; ], =0 )
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ne =40.07+360 —6.* +(1-¢€5)6; . (5)

In previous studies, Mitchell et al. (1988) and Huang et al
(2016) simplified Eq(4) and Eq(5), namely, 6;" and the integral
constant obtained by the first order integral of Eq(4), and 6;",

g in Eq(5) are all neglected. Then Eq(4) and Eq(5) are
replaced by the following forms:

=J(1-€&)/2 . (6)

ne =—6" +(1-€£)6,’ (D
2.1.2 Buckling equation of the bottom suspended section

For the bottom suspended section, the contact force N,
is zero. So the differential equation for the bottom suspended
section is given by Eq. (1) as follows:

4
E1d—+i (F-g® =0
dx*  dx dx

d'z d - ®
EI— —| (F - —
dx* +d (( ) x]

By introducing the dimensionless distance u =@,y .
v=0w,z, & = m,x , Eq(8) is simplified into its dimensionless

form:

d*u
o d5[< e |0

d* )
et [< . 5)51

2.1.3 Buckling equation of the second suspended section

It is similar to Eq. (8) and Eq. (9), and the differential
equation for the second suspended section is given by Eq.
(1) as follows:

d 4u

—rt+t | (1-& )— =

dg dé dg
- @ <£<é)

d v (1-e8) 2 dv )| - (10)
d&* dé dg

2.1.4 Buckling equation of the top suspended section

Similarly, the differential equation for the top suspended
section is given by Eq. (1) as follows:

d4u [
(1-e8) j:
agt g ) (g sese)

d4v ~ )
d§4 dé [(1 85)_5]—
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2.2 BOUNDARY CONDITIONS AT THE TWO ENDS

The boundary conditions at the two fixed ends are given
as follows:

pp=Vap =0
4 ’ cee 12
uyp=Vap =0 (12
The boundary conditions at the two pinned ends are
given as follows:

{MA,B =v,5=0

Uprp =Van =0 (13

2.3 CONTINUITY CONDITIONS AT THE CONTACT POINTS

The continuity conditions at the contact points a, b and
c include geometrical continuity condition (displacement and
rotation), moment continuity condition, and tangential
equilibrium conditions. The continuity condition at the
contact point a is expressed by:

Yar =1 €086,

2,4 = 1pSing,

Yo, =—T,sin6,0’ (14
7, =1,c080,0

Vo =HKyc0s0,
Z,. = 1sinf,
y,_=-r1,8inb,0, .. (15)

z,_ =r,cos6,06,

Yoo = Yar
Za- =2y
Ely; +(F —qx,)y, —EbY, | .
(P )y sin@,
q'xa+ ya+ (16)
El7] +(F —qx,)z. —EI7",
= , cosO,
—(F - qxa+)za+

Egs. (14-16) are simplified into dimensionless form as
follows:

ua+ = ’b% cos 9&
V., = LW,sinf,
’ _ . ’
u, =-—r1,0,sn6.0; V)]

V., =r,0,c0s6,0,

u, =rm,coso,
v, =rm,sinf,
U, =—r1,,sin6,0’ — (18)

’ 4
v, = r,c0s0,0,
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g, =
Vi, =i
{US’ +(1- eefa)u;f - Uél}gnea
_(1_ gé:a)uaJr (19)
Vm + 1_ & V' _ Vm
:|: a— ( é::a) — a+j|cosga
_(1_ gga)vew

The continuity condition at the contact point b is

expressed by:
U, = Iy, COSH,
Vv, = lha, Sing,
Uy = —To@, SIN6,6;
Vp = lha, 0s6,06;
U = —Ty@, C0S6,0.% — ryw, SN 6,6,
V) = —Tyw, SN 6,607 + ryw, C0S6, 6!

U+ (1— &&,)u, — (@, SN 6,6,

—3r,w, €0S6,0,6) — r,w, Sin6,6y) [sing,

+(1- &8, ), Sin 6,6, - @

Vo' + (L= e,V — (—Toew, COSE,0,°
=| =31y, SN 6,6,6, + ryw, Cos,6,) |cosb,
—(1- &&,)rym, cosé,6;

The continuity condition at the contact point c is
expressed by:
U, = @, CosH,

V, =@, SN,

Ug = —ly@,SiNG,6,

V,, = @, C0S6,.0,

U = —Iyw, C0SH,.0 — 1y, SiN6,.6!
V! = —Iyw, SiN6,0.7 + 14w, c0s6.6,

—3ryw, €0S6.6.67 — 1,w,SiN6.67) |Sinb, 2

U7+ (1 &)Ul — (r,m,Sin6,6.°
+(1-&&,)ryw, Sin6.6;

VI + (1- &€V, — (—1yw, cos,0.°
=| =3r,@, SiN6,6.6; + rym, c0s6,6Y) |cosd,

c”crc

—(1-&&, )y, cos6,b;

3. Numerical smulation method

Egs. (9-11) are the fourth-order homogeneous linear ordinary
differential equations with variable coefficients; thus the
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analytic solution can be derived directly, and also can be
calculated by the numerical integral method; Eq(4) is a
sophisticated fourth-order non-linear ordinary differential
equation, but it seems impossible to obtain an analytical
solution under the non-simplified condition, so the numerical
solution seems to be the only choice. In this paper, the
numerical simulation model is established by Egs. (4-5) and
Egs. (8-21). The helical section equation and the suspended
section equations are solved by the Runge-K utta method, and
the specific simulation algorithm with the boundary
conditions at two ends and the contact points are given as
follows:

1 The unknown quantity L,, L,, L, are expressed as X,, X,
and x;, namely, x,=L ;, X,=L, and X;=L,.

2. The boundary conditions at the point A and a of the
bottom suspended section are expressed by:

{Ya Y Yar Vi) = {0.0,%,, %}

(200202}~ 100,

Arbitrarily given a set of values X, X,, X5, X,, Xg, Xg, X7
Eqg. (9) can be solved and the simulation results of bottom
suspended section at the point a can be obtained as follows:

2)

(Yoo Yar Vi Vi |

{Za_’za_’za_’za_} (23)

3. The boundary condition at the point a of the second
suspended section is expressed by:

{Yarr Yo Yo Yo | = {10COSXg, 1% SN X, %40, %4

{Za+'Z:c1+’Z;+7Z;+}:{rOSinXS’rOXQCOSXS’XH’XB}
(24
where x; = 0,and Xy =6'a- -

Similar to Eq(23), the simulation result of the second
suspended section at the point b can be obtained by solving
Eq(10) asfollows:

{Yor s Yor s Yor s Yo |

(%% %5 |

4. The boundary condition at the point b of helical section
is expressed by

(00,03.65.6; ) = D 0515} e

Similarly, the simulation results of helical section at the
point ¢ can be obtained by solving Eq(11) as follows:

{6..0..6,.6.} . (@0

(29
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5. The boundary condition at the point ‘B’ and ‘b’ of top
suspended section is expressed by

{Vor Yo Yoo Ve ={0.0, %, %}
{ZB,ZE,ZC,Zé}z {0101 X201X21}

The simulation results of top suspended section at the
point ¢ can be obtained by solving Eq(4) as follows:

(28)

{Yo Vi Voo Vi |

(2.7.2.7)

Substituting the simulation results of Eq (23), (25), (27),
(29), and the  assumed boundary value

of X = {X11X21"'1X201X21}T into Egs (18-21), the 21 non-

linear algebraic equations with boundary value are obtained
asfollows:

(29)

f20 = fzo()z) =0 S

f21 = le()?) =0

The numerical solutions of the non-linear algebraic
equations Eq(30) are obtained by the following optimization
algorithm:

Design variable:

X = (X0, X o1 Xor | - (3D

Objective function: For any given set of boundary values,
21 corresponding functions result in Eq (30). By taking the
sgquared error and minimum as the objective function of
optimization design, the objective function is expressed by:

MinG(X)=Min(f?+ 7+ +6,7) .. (@

Constraint condition: only considering the constraint
condition in each design variable itself, that is X; ;<X <X
(iF12...,20).

Optimization algorithm: the mathematical model
established for the optimal design with unknown boundary
value is a constrained non-linear optimization problem, and
the optimal solution of Eq(30) can be obtained by the genetic
algorithm.

4. Results and discussions

The basic parameters: the diameter of the rod string D =
25mm; the elastic modulus E = 209GPe; the axial distribution
force g = 25N/m; radia clearancer,= 0.0185m; to ensure the
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Fig.2 The integral buckling configuration of rod string. (a) the main
view, (b) the top view, (c) the front view
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neutral point inside the rod string, the rod length is given
separately. In the following diagram, F-F represents the fixed
boundary at two ends; P-P represents the pinned boundary
at two ends.

4.1 BUCKLING CONFIGURATION OF THE ROD STRING

Let L =200m, F = 3000N, based on the above simulation
method, the integral buckling configuration of rod string is
obtained with the boundary conditions at two fixed ends as
shownin Fig.2.

4.2 EFFECT OF THE BOUNDARY CONDITIONS ON THE BUCKLING
CONFIGURATION OF THE ROD STRING

4.2.1 Effect of boundary conditions on the helical section
buckling configuration

After obtaining the simulation results of the integral rod
string buckling configuration, we extract the helical section
buckling configuration for analysis. Fig.3 shows us that the
deformation curves under the two fixed ends almost coincides
completely with the two pinned ends under the same axial
compression load, which indicates that the configuration is
effected very little by the boundary conditions.

Fig.3 The unfolded curve of helical section

4.2.2 Effect of the boundary conditions on the suspended
sections

The derivative of the angle at the cut-in point of the helica
section is an important factor which effects the configuration
of the helical section and the bottom second suspended
section. Fig.4 shows us that the difference of the derivative
value of the angle between the two fixed ends and the two
pinned ends at contact point b is very subtle but great at
contact point a. The results indicate that the configuration of
the helical section is effected very little by the boundary
conditions but is affected greatly on the configuration of the
bottom suspended section. This is further proved in Fig.5
with the rod length being L = 200m. From Fig.5, we can see
that the distance &, and &, under the two fixed ends
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Fig.4 The derivative of angle at contact point changes with the
pump end load

2

Fig.5 The contact point position changes with the pump end load
and boundary constraints

boundaries are both significantly higher than under the two
pinned ends boundaries. Further, the distance &; and is

almost coincident with the bottom end boundary though with
a different top end boundary. The results indicate that the
configurations of suspended sections are effected greatly by
the bottom boundary condition but insignificantly by the top
boundary condition.

4.3 THE LAW OF CONTACT FORCE

The value of the contact force between the rod and tubing
determines the degree of the eccentric wear. Fig.6 shows us
that the law of change for the contact force at the helical
section increases with the increase of the axial compression
at the bump end and also different boundary conditions. From
Fig.6, we see that the contact force near the beginning of the
helical section is somewhat different, but from the whole
helical section perspective, the contact force is basically the
same under the different boundary conditions P-P and F-F.
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Fig. 6 The contact force comparison results under different
boundary conditions

4.4 COMPARISON WITH THE SIMPLIFIED EQUATION AT THE HELICAL
SECTION

In the previous studies, the equation at the helical section
was once simplified to Egs (6-7). In this paper, the comparison
results with the previous ones are given in Fig.7 and Fig.8.
We can see that the results of the simplified equation are
different from the results of the complete equation which
mainly reflected in the beginning and the end of the helical
section. Firstly, the contact force near the beginning of the
helical section isrelatively largein Fig.7; Secondly, the angle
increment of the helical section near the end islower in Fig.8.
So the helical buckling simulation results of the simplified
equation are larger error compared to the actual buckling
condition and is not conducive to compute the rod eccentric
wear life. In fact the contact force near the end of the helical
section is also different between them, hereit is not discussed
with little meaning compared to the above factors.

Fig.7 The contact force comparison results between simplified and
non-simplified equation
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Fig.8 The comparison results of helix angle between simplified and
non-simplified equation

5. Conclusions

1 In this paper, a new model based on the entire rod string
buckling configuration in vertical well tubing is presented.
First, this model is established through a complete, not
simplified, buckling equation with weight in four sections.
Second, this model is built with a continuity condition at
the contact point whose position is variable.

2 The simulation results show that the effect of the
boundary condition on the configuration of the helical
section and contact forceis very little and can be ignored.
However, the effects of the boundary conditions,
especialy at the bottom on the configurations of the
suspended sections, are significant.

3. The method for simplifying the equation of the helical
section can effect the configuration and contact force of
the helical section. Firstly, the contact force located near
the beginning of the helical section is different from the
complete equation of the helical section; secondly, the
angle increment of the helical section is larger than the
actua condition.
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