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Abstract

In this paper, we consider a certain types of cyclic codes over Z, , called quadratic residue codes over Z . We find the Z -
quadratic residue codes using their idempotent generators and show exhibit that these codes also have excellent properties
which are similar in much respect to the properties of quadratic residue codes.
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1. Introduction

Codes are used to transmit the data across the noisy channel
and recovering the message. The issue of an accurate
communication is extremely important. The Error-
correcting codes are used in CDs to correct scratches, dusts
and to spread the data out over the disk. Coding theory
is developed in the late 1940 in respect to the practical
problem in communication. The article “A Mathematical
theory of communication” is published by Claude Shannon
in 1948, focused on how to encode the given information
and gives some ideas to establish Error-correcting codes.
An important type of Error-correcting codes is cyclic codes
and is significant by means of their shift registers. The cyclic
codes are linear codes.

In 1964, Andrew Gleason found quadratic residue
codes which are the another type of cyclic codes. Qian
and Pless’ explained the role of idempotent generators in
generating the quadratic residue codes and verified the
conditions for the self dual of these codes. Latterly, Chiu,
Yau and Yu’ found quadratic residue codes over Z, using
idempotent generators and exhibited the conditions for
self dual codes. Taeri® defined the quadratic residue codes
over Z, and also verified the conditions for self dual. In this
paper, we define the quadratic residue codes over Z, and

*Author for correspondence

provide the same interesting results over Z_.Z is a ring
with the zero divisors 3,6,9,12,15,18,21 and 24. A Z,_ code
is a set of n-tuple Z, module.

2. Preliminaries
2.1 Definition 2.1[1]

If the congruence x> =n (mod p), where pis an odd prime
and n# O(mod p), has a solution, then n is a quadratic
residue mod p. Suppose the congruence has no solution,
then n is called a quadratic non-residue mod p.

Example 2.1: Consider that p = 5. Then {1, 4} are the
quadratic residues mod 5 and {2, 3} are quadratic non
residues mod 5.

2.2 Definition 2.2 [4]

A (n,k) linear code C is cyclic if whenever (co,cl Y ,cﬁ_l)
is a codeword in C,(CH,CO,C1 e ,CH) is also a codeword
in C.

Example 2.2: C:{000,101,01 1,110,11 1} is a cyclic code.
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2.3 Definition 2.3 [10]

If g(x) is the monic polynomial of less degree in the
factorization of x" —1in F4 [x] and if C=g(x), g(x) is the
generator polynomial of C.

2.4 Definition 2.4 [6]

Let C be a cyclic [n,k] code with generator polynomial
g(x). Then the polynomial h(x)=(x" —1)/g(x) is called
the check polynomial of C.

2.5 Definition 2.5 [10]

If C is an [n,k] linear code over F, its dual or orthogonal
code C- is the set of vectors which are orthogonal to all the
code words of C :

C" ={u|u.v=0 forall veC}.

2.6 Definition 2.6 [2]

A generator e(x) of an ideal in R", is called an idempotent
generator if it is an idempotent, that is , if e (x) =e (x)

Theorem 2.1:[3] Suppose C is a me cyclic code of odd
length n. If C=e, where ef =x" —1 forsome f such that
e and f are coprimes, C has an idempotent generator in
, [
Proxn —1
code is unique.

and also the idempotent generator of a cyclic

Theorem 2.2 [2]: If w(x) is an idempotent generator of
a Z  -cyclic code C,C* has the idempotent generator

»
(1))

Theorem 2.3 [2]: If and e, are the idempotent generators
of R[x]/(xf’ —1) and if the codes C, and C, are defined by
C =<e > and C,=(e,) then C,NC, and C +C, have
idempotent generators e e, and e, +e, —ee,, respectively.

Theorem 2.4 [2]: Suppose A and Bare finite
commutative rings with  characteristicg™ and g™,
respectively, where gis a prime. Let f:B— A be an
epimorphism, with kernel f =4™B.

+  f(et=eisanidempotentof A,thene?isanidempotent
of B.

. e,i¥1,2,..,r are primitive idempotents of A, and
f@)=e, i=12,..,r,thend?, i=1,2,...,r, are primitive
idempotents of B.

Suppose N denotes the set of non-residues and Q
denotes the set of quadratic residues for a prime p. So, ¢,
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ande, can be defined by, e :z]‘ngj and e, :Z,-eij'
By [5], 3 is a quadratic residue mod(p)if and only if
p=12r£1. For the prime p=12r*1, 2¢,1+e,,i=12 are
idempotents of Za[x]/(xl’ —1) i, aZ, quadratic residue
code is generated by any one of the above idempotents.
For a primep=’12r+1, putQ =<2e >Q, =<2, >Q, =
<l+e,>and Q, =<1+e¢ > For a prime p=12r—1, put
Q =<l+e, >,Q,=<1+e > Q =<2 >and Q, =<2e, >.

Theorem 2.5 [2]:

o Suppose that p=4k—1and ais a number prime to p.
Then in the set a+(QuW{0}), there are k elements in
Qu{0}tand k elements in N. In the set a+ N, there are
k elements inQ U {0} and k —1 elements in N.

» Suppose that p=4k+1and ais a number prime to p.
Then in the set a+(QuU{0}), if aeQ, there are k+1
elementsin Q U {0} and k elementsin N andalsoifa € N,
there are k elements in Q and k+1elements in N. In
the set a+ N, if a € Q, there are k elements in Q and k
elements in N and also ifa € N, there are k +1 elements
in QuU{0}and k —1 elements in N.

Theorem 2.6: If p=4/-1, then
e =(l—1)e1 +le e =le, +(l—1)e2,
ee, :(21—1)-i-(l—1)el—i—(l—l)e2 ,
e’ =(31 —31+1)e, +2I(I-1)e, +2I* -,
If p=4l+1, thene? =(I-1)e, +le, +2I,

e’ =le +(l—1)€2 +2l,epe, :lel +lez,
e’ :(212 +1)el Jr(Zl2 —l)e2 +212 —1,
e’ :(212 —1)e1 +(212 +l)€2 +212 —1.

3. Quadratic Residue Codes
Over Z,,

For defining quadratic residue codes over Z , consider
p=12m=1, because 3 is a quadratic residue mod p. Denote
the vector h byh=1+e +e,and the idempotents for
Z, [x] / (x? —1) are obtained below.

Theorem 3.1: Let p = +1(mod 12).
I. Let p=12m—1.
a. Ifm=9a, then26e,,1+e,,26h,1+2h areidempotents
over 227[96]/(96" —1), where i =1,2.
b. If m=9a+1 then 6e +26¢ +3,¢ +2le, +25,5h,
1+22h are idempotents over Z, [x]/(x? —1), where
1<i#j<2.
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Proof. Part (I).
We prove this theorem for the case (a) and the remaining
cases proved in the same way. For p=12m—1 and

c. If m=9a+2, then3e, +17e]. +24, 10e, +24e}_ +4, 20h,
1+7hare idempotents overZ, [x] / (x? —1), where

1<i#j<2.

Ifm:9a+3,then186i+26ej+9, ei+9ej+19,17h,
1+10h are idempotents over Zz7[x]/(x1’ —1), where
1<iz#j<2.

If m=9a+4,then 24e, +26e}+12 e +3e, +16,23h,
1+4h are 1demp0tents overZ, /(x —1) where
1<i#j<2.

Ifm=9a+5, thenl7e, +21€]_ +6, 6e, +IOej +22,11h,
1+16hare idempotents over Z_[x]/(x? —1), where
L 16hare demp /e 2 1)

If m=9a+6,then 26e +9e +18 18e, +e, +10, 8h,
1+19h are 1demp0tents overZ /(xP —1) where
1<i#j<2.

Ifm=9a+7,then 26e, +15e], +21,12e, +e, +7,14h,
1+13h are idempotents overZz7[x]/(xP —1), where
1<i#j<2.

Ifm=9a+8, then 17¢, +12eJ +15,15e, +IOe +13,2h,

1+ 25h are 1demp0tents over Z,_[x] / (xP — 1) where
1<i#j<

II. Let p=12m+1.

a.

b.

Ifm=9a,thenl+e, 26e, h, 1+ 26h are idempotents
overZ [x]/(x? —1), where i=1,2.

Ifm=9a+1,then 10e, +15@J_ +13, 12e, +17e]_ +15,
25h, 1+2hare idempotents overZ, [x]/(x? -1),
where 1 <i# j<2.

Ifm=9a+2,then e, +12e +7, ISe +26e, +21, 13h,

1+14hare 1dempotents over zZ, / (xf — 1) where
1<i=#j<2.

m=9a+1,

@)

(6e, +26e, +3)° = 216¢,’ +17576¢,> +27 +2808e %e,
+324e +12168e e,2 +6084e,2 +162¢, +702e, +2808e e,
=26e,’ +18ee,” +9¢

=26(12¢, +10e, +15)+18e (3e, +2e,)+9(3e, +2e,)
=312e +278e, +390+54(2¢, +3e,)+36(2¢, +2¢, +5)
=6e +26e, +3.

(ii)

(e, +21e, +25)° = e’ +9261e,’ +15625+63e¢’e, +75¢*
+1323e ¢,2 +33075¢ > +1875¢, +39375¢, +3150e e,
=e’+19+9 e, +2le’ +12¢ +9, +18¢e,

=(10e, +12e, +15)+19+9(2¢, +3e,)e, +21(2¢, +3e,)
+12e, +9e, +18(5+2¢, +2e,)

=100e, +120e, +124+18e e, +27¢”

=e + 2162 +25

(iii)

(5h)* =(5(1+e, +e,))’ = 125¢* +125¢,* +125+375¢ e,
+375e +375e e,* +375e,* +375e, +375¢, +750ee,

=17+ 17e13 + 17623 + 24e12e2 +24el2 + 246226l + 24e22 +24e,

+24e, +2le e,

=17+17(10¢, +12e, +15)+17(12¢, +10e, +15)
+24(2e, +3e,)e, +24(2¢, +3e,) +24(3e, +2¢,)e, +24e
+24(3e, +2e,)+24e, +21(5+2e +2e,))

65+101e, +101e, +15(2¢, +2e, +5)+18(3e, +2e,) +18(2e¢, +3e,)

d. If m=9a+3, then18e +e. +10,26¢ +9¢. +18, 19k,
. b / / =5+5e +5e
1+8hare idempotents overZ [x] / (x? —1), where 1 2
1<i#j<2. (iv)

Ifm=9a+4,then 10e. +6e]+22 21e, +17e, +6,
16h,1+11hare 1demp0tents overZ, [x / (xP -1),
where 1<i# j<2.
Ifm=9a+5, then
1+23h are idempotents over zZ,
1<i#j<2.

Ifm=9a+6,then e +9e +19,18e, +26¢, +9, 10h,
1+17hare idempotents overZ, [x] / (x? —1), where
1<i=j<2.

Ifm=9a+7,then 10e, +24e +4, 3¢, +17e, +24,7h,
1+20h are idempotents over Z,_[x] / (x? —1), where
1<i=#j<2.

Ifm=9a+8, then e, +2le, +25, 6e, +26¢, +3, 22h,

e, +3e +16, 24e +26e +12,4h,
/(xP—l ), where

(1+22h)° = (22¢, +22¢, +23)° _10648¢,* +10648e,’

+12167 ++33396¢” +34914¢ 31944e %e, +33396¢,”
+31944e e? +34014e, +66792¢ e,

= 10613 + 10623 +17 + 361262 +24el2 + 362261 + 24e22 +3e,
+3e2 +21ele2

=10(10e, +12¢, +15)+10(12¢, +10e, +15)+17 + 3e, (2¢, +3e,)

+24(2e, +3e,) +3e (3¢, +2¢,) +24(3¢, +2e,) + 3¢, +3e,
+21(5+2e, +2e))
=22¢, +22¢, +23

Similarly, the other cases are proved.

1+5h are 1dempotents overZ J[x] / (x? —1) where Part %I)' dm=9a+1
1<i#j<2. E)onm er p=12m+landm=9a+1,
i
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(10e, +15¢, +13)* =1000¢ * +3375¢,* +2197 +4500¢ e,
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+3900e* +6750e e,* +8775¢,> +5070e, +7605¢, +11700¢,e,
=e,’ +10+18e’e, +12¢’ +21e +18¢, +9ee,

=(19e, +15e, +12)+10+18(2e¢, +3e, +6)e, +12(2¢, +3e, +6)
e, +12(2e, +3e, +6)+18e, +9(3¢, +3e,)

= 10e, +15¢, +13

(ii)

(1261 +17e, +15)° = 1728613 +4913ez3 +3375 +7344elze2
+6480€12 + 1040461622 + 13005e22 +8100¢, +11475e, +18360
=26e,’ +9ee’ +18e,’

=26(15¢, +19¢, +12)+9e (3¢, +2e, +6)+18(3e, +2e, +6)

= 12e1 +17e, +15

(iii)

(25h)* =(25(1 +e, +e,))* =15625¢ > +15625¢,* +15625
+46875¢ %e, +46875¢ * +46875¢ e,> +46875¢ * +46875¢,
+46875¢, +93750¢ e,

=19¢’ +19¢> +19+3e’e, + 3¢ +3ee,> +3e,* + 3¢ +3e,
+6e e,

= 19(19e1 +15e, +12) +19(15e1 +19%, + 12)+19+362(261
+3e, +6) +3(2¢, +3e, +6)+3e (3¢, +2¢, +6)+3e, +3e,
+3(3e, +2e, +6)

=79, +79%, +79+12(3¢, +3e,)+9(2e, +3e, +6)

+9(3e, +2e, +6)

=25e +25e, +25

(iv)

(2h+1)* =(2e, +2e, +3)’ =8¢’ +8e,’ +27 +24e e, +36e’
+24e e’ +36e,” +54e +54e, +72e e,

=8(19¢, +15e, +12) +8(15¢, +19e, +12) +24e, (2¢, +3e, +6)
+36(2¢, +3e, +6)+24e (3¢, +2e, +6)+36(3¢, +2e, +6)
+72(3e, +3e,)

=2e +2e,+3+15ee, +18¢> + B ¢,

=2e +2e, +3+15(3¢, +3e,) +18(2¢, +3e, +6)+18)

(3¢, +2e, +6)

=2e +2e, +3

Definition 3.1: A Z -cyclic code is a Z -quadratic
residue code if it is generated by any one of the idempotents
in theorem 3.1.

Suppose d denotes a non zero element of Z _and deN.
Consider the map 4, is defined by, 4, :i—d i (mod p)
such that u (i)=di(mod p). The following theorems
investigate the properties of quadratic residue codes over Z

Theorem 3.2: Suppose p = 12m 1. If m= 9a, letQ =
<26e, >, Q,=<26e, > Q =<l+e >, Q =<l+e >.If
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m= 9a+1 let Q = <6e +26e,+3>, Q =<e + 2le,
+25>, Q = <2le, +e, +25> If m =9a +2, let Q=
<3e +176e, +24> Q =<17e +3e, +24>, Q =<10e, +
24e, +4>, Q = <24e +10e, +4> Ifm=9a+3 letQ =
<18e +26e +9>, Q, —<26e +18¢,+9>, Q =<e +9%,
+19> Q —<9e +e, +19>. Ifm= 9a+4, letQ —<24
e +26e, +12> Q _<26e +24e, +12> Q1 =<e, +3e,
+16> Q =<3e, +e, +16> If m= 9a +5 letQ —<17
e +2le +6> Q = <21e +17e, +6 >, Q = <6e, +10e,
+22> Q = <10¢, +6e, +22> If m=9a +6 letQ
<26e, +9e, +18> Q —<9e +26e, +18> Q =<18e +
e, +10> Q =<e +18e, +10> If m= 9a+7 letQ =<
26 e +15€;+21> Q, —<15e +26e, +21>, Q =<12e +
e, +7> Q, =<e +12¢,+7>. If m=9a+8, letQ1
<17e +12e, +15> Q, =<12e¢ +17e,+15>, Q = <l5e,
+10e, +13> Q =<10e, +15e, +13> .Then

« Qand Q,are equivalent and also Ql' and QZ' are
equivalent.

.« QNQ,=<h>and Q+Q,=Z,[x]/(x"~1), where/
is a suitable element in {26k, 5k, 20h, 17h, 23h, 11h,
8h, 14h, 2h} listed in theorem 3.1.

- Q=277 =y

e Q= Qi +<h>, Q,=Q. +<h>.

. ‘Ql‘ 27‘” 2 = ‘Qz‘

- Q andQ are self orthogonal ie.,Q:i* Ql/,inz
Q,.
. leQ =1{0} andQ +Q = <1-h>. AlsoQ N
= {0} and Q: "+ Q =7, [x]/(x -1), where
1<z¢]<2

Proof: Form=9a+4, since,Q =<24e +26 e, +12>,
Q,=<26¢, +24e, +12> and Q =<e +3¢, +16>, Q,
=<3e¢ te,+16>and p=12m-1, -1eN.

e Consider thatd is an element of N, e =e, e =e,.
Therefore, 41, <24e, +26e, +12>= <26e, +24e, +12>,
U, <26e +24e, +12 >= <24e +26e, +12 >
So, Q and Q, are equlvalent Slmllarly, Q "and Q are
equlvalent
e ()Q,NQ =
<24e +26e, +12>MN<26e +24e, +12>
Then Q,NQ, has an idempotent generator
(24e, +26e, +12)(26¢, +24e, +12)
24e +26e, +12+26e +24e, +12=23h+1
(24e, +26e, +12)(23h)
= (24e, +26¢, +12)(26+(24e, +26¢, +12)
+(26¢, +24e, +12))

ScieXplore: International Journal of Research in Science
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= 26(24e, +26¢, +12)+(24e, +26e, +12)? =(e, +3¢, +16)(3¢, +e, +16)
+(24e, +26e, +12) (26e, +24e, +12)

=. (24e, +26e, +12)(26e, +24e, +12). (p—1)
Since, p=12(9a+4)-1= 108a+47 and -
mod27.

(24e +26¢, + 12)(23h) = 24
+12(23h) =23h

Therefore, (24e, +26e, +12)(26e +24e, +12)=23h.

(e, + 3¢, +16)(4h) =PT_1(4h) +3PT_1(4h) +16(4h)

=23 =(4PT_1+16)(4h):0

Therefore, (e, +3e, +16)(3e, +e, +16)=0.
Hence, Q,'nQ,"'={0}.

Q 1' +Q 2' has an idempotent
(e, +3e, +16) +(3e, +e, +16)

(23h) + 26—(23h)

generator
—(e, +3e, +16)(3¢, +e, +16)

23his an idempotent generator ofQ MNQ, and =1+4h. ' l
|Q1 mQ2| =27 :|< 23h >|' Therefore, Q1 +Q2 = <1+4h>= <1-23h> and here
h=23h.

Q,+Q, has an idempotent generator
(24e, +26e, +12) +(26¢, +24e, +12)
—(24e, +26e, +12)(2661 +24e, +12)

= (23e, +23e¢, +24)—(23¢, +23¢, +23)=1
Therefore,Q +Q ,= Z, [x]/(xP -1).

lafle.| IQI
Qra,|

Similarly, the other cases are proved.

Theorem 3.3: Suppose p=12m+1is a prime. If m=9a,
let Q =<l+e > Q,=<I1+¢ >andQ =<26e > Q, =
<26e,>. If m=9a+1, letQ =<10e +15¢, +13>,
Q, =<15¢ +10e, +13>and Q = <12¢, +17¢, +15>, Q,
=<17e +12¢, +15>. If m=9a+2, letQ = <e + 12¢,
+7>, Q,=<12¢ +e,+7>, andQ, =< 15¢ +26e, +21>,
QZ':<26el+1562+21>. If m=9a+3, letQ =<18¢
+1 '
|Q |_27(p2 ) |Q2|- +e, +10,>’ Q,=<e +18¢,+10>and Q =<26e + 9¢, +
18>, Q, =<9¢ +26e, +18>. If m=9a+4, letQ =
Slnce, Q, and Q, are equivalent. <10e, +6e, +22>, Q, =<6e, +10e, +22> and Ql' =<2le,
o Q1 m<23h > has an idempotent generator +17e, +6>, QZ' =<17e¢ +21e, +6>. If m=9a+5, let
(p=1) (p 1) Q =<e +3e,+16>, Q =<3¢ +e,+16> andQ, '= <24
2 e +26e, +12>, Q, =<26e +24e, +12>.1f m=9a+6, let
Q, =<e +9, +19>, Q, =<9 +e, +19> and Q, =<18e,
+26e, +9>, Q, =<26e +18¢, +9>If m=9a+7, let
Q, =<10e, +124e, +4>, Q, =<24e +10e,+4> andQ,
= <3e +17e,+24>, Q, =<17e +3e,+24>. Ifm=9a
Simi- +8, letQ =<e +2le, +25> Q, —<21€ +e,+25> and
Q1 =<6e, +26e, +3>, Q =<26e, +6e, +3> Then

o 277 =[Q+Q =

(e, +3e, +16)(23h) =~——(23h) +3——(23h)

+16(23h) = (4(23) +16)(23h) = 0

Therefore, Q1 N < 23h >={0}. Also, Q1 +<23h>has an
idempotent generator

(¢, +3¢, +16)+(23h) ~ (¢, + 3¢, +16)(23h) = 24e, +26¢, +12
Hence,Q1 +<23h> =<24e +26e, +12> =Q .
larly, Q> +<23h>=Q,.

p+1

. |Q | = ‘Ql +<23h >‘ ‘Q “< 23h >| ‘Q ‘ 27 e Qand Q, are equivalent and also Ql, and QZ, are equiv-
alent.
‘Q‘ =270 ‘Qz e QNQ, =< h>and Q+Q,= ZZ7[x]/(x1’ —1), where

Since, Q, and Q, are equivalent.

Since, —-1e N, Qll has an idempotent generator
1-(24e (x7')+26e,(x")+12)=3e (x')+e,(x')+16
=e +3e,+16

Hence, Q t=Q 1mphes Q Q *. Similarly, Q,* = Q
By (1V) Q cQ =Q"and Q2 cQ,=Q,*. Hence, Q1
and Q are self orthogonal

Since, e +3e,+16+3¢ +e, +16=4h+1. Q 'NQ )’
hasanidempotentgenerator (e, +3e, +16)(3e, +e, +16).
(e, +3e, + 16)(4h)

=(e, +3e, +16)(26 + (e, +3e, +16) + (3¢, +e, +16))
=26(e, +3e, +16)+(e, +3e, +16)* + (e, +3e, +16)

(3¢, +e, +16)
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alsle N Qj' = {0}

h is a suitable element in {h, 25k, 13h, 19h, 16h, 4h,
10h, 7h, 22h} listed in theorem 3.1.

|Q1| —27(p+0/2 — |Q2| )

Q= Q1'+<I;>,Q = Q. +<h>.

Q=27 = x|
Qﬁ—QzandQL—Q )
Q r\Q ={0} and Q1+Q2'=<1—h> and

andQ1,+ Qj' =<u>, where
1<i#j<2,u is a suitable element from{l+26h,
1+2h, 1+14h, 1+8h, 1+11h, 1+23h, 1+17h, 1+20h,
1+5h} are listed in theorem 3.1.
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Proof. For m=9a+8, since, p= 12m+1 Q =<e +2le,
+25> Q,=<2le +e, +25> and Q =<6e, +26e +3>
Q2 =<26e, +6e, +3>
e By u, disanelementof N, e =e,, e =e
Therefore, u,<e +2le, +25>= <2le, +e, +25>,
H,<2le +e, +25> <e +2le, +25>
So,Q andQ are equlvalent Slmllarly, Q "and Q are
equlvalent
e QNQ,=<e+2le, +25>N<2le +e, +25>
Q,MQ,has an idempotent generator (e +21le, +25)
(21e+e, +25).
e +2le, +25+2le +e, +25=22h+1
(e, +21e, +25)(22h)
=(e, +21e, +25)(26 + (e, +21e, +25)+(21e, +e, +25))
=26(e, +21e, +25)+ (e, +21e, +25)° +(e, +21e, +25)
(21e, +e, +25) = (e, +21e, +25)(21e, +e, +25).

-1
Since, p= 12(9% +8)+1= 108k +97 andM =21

2
mod27

(e, +21e, +25)(22h) = (2221 + 25)(22m) =221

Therefore, (e, +21e, +25)(21e, +e, +25)=22h.

Q,MQ, has an idempotent generator 22h. Hence,
|Q1 A Q2| =|<22hn>|=27.

Q,+Q, has an idempotent generator

(e, +21e, +25)+(21e, +e, +25)

—(e, +21e, +25)(21e, +e,

+25)

=(22e, +22e, +23)—(22¢, +22¢, +22) =1

Therefore,Q +Q ,= Z, [x]/(xP -1).

o, l2led kel
. 27p_|Q1+Q2|—|leQ2|_
(p+1)
Q,|=27"2 =[]
e Q 1' M <22h > has an idempotent generator
(6e, +26e, +3)(22h) =6 (p-D (22h)+26 (p—D (22h)

+3(22h) = (5(23) +3)(22h) =0
Therefore, Q1 N <22h >={0}. Also, Q1 + <22h >has an
idempotent generator

(6e, +26e, +3)+(22h) (6e, +26e, +3)(22h) =e, +21e, +25.

Hence, Q1 + <22h >=<e +2le, +25 >=Q,.
Slmllarly, Qz +<22h>= Q

. 375 =|Q|=1Q, +22h|=|Q |[22h|=27
@/|= 272 =|:.

Since, Q, and Q, are equivalent.
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e Since, —1eN. Qll has an idempotent generator
1—(e,(x™")+21e,(x™")+25) =26e (x') +6e,(x') +3
=26e +6e, +3.

Hence, Q" Q Similarly, Q,* = Qll.

e Since, 6e, +26e, +3+26¢ +6e, +3= 5h+1
(6e, +26e, +3)(5h)
=(6e, +26¢, +3)(26 + (6e, +26e, +3) +(26¢, +6e, +3)
=26(6e, +26¢, +3)+(6e, +26e, +3)*
+(6e, +26e, +3)(26¢, +6e, +3)
=(6e, +26e, +3)(26e, +6e, +3).

(6¢, +26¢, +3)(5h) = 6PT_1(5h) ¥ 26PT_1(5h) +3(5h)

:(51’7—1+3)(5h)

(6e, +26e, +3)(5h) =

Therefore, (6e, +26e, +3)(26e, +6e, +3)=0.
Hence, Q,'nQ,"={0}.

Q, +Q ) " has an idempotent generator

(6e, +26e, +3)+(26¢, +6e, +3)—(6e, +26e, +3)
(26e, + 66, +3) =5h+1.

Therefore, Q ; +Q ) = <1+5h> and here u=1+5h.
Similarly, the other cases are proved.

4. Conclusion

Quadratic residue codes belong to the collection of BCH
codes. In this paper, we exhibited the properties of Qua-
dratic residue codes over Z, and verified that these codes
also have excellent error correction capabilities. With the
help of these codes, we can find a class of constacyclic
codes over F  , a finite field, where p =3, which plays a
significant role in the theory of error correcting codes.
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