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Abstract

In this paper, we define a new type of fuzzy graph obtained from crisp graph, named Double Vertex Fuzzy Graph (DVFG)
and also discussed some properties of double vertex regular fuzzy graph.
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1. Introduction

A. Zadeh found the concept of fuzzy set and fuzzy rela-
tion to represent the fact of uncertainly in real world
problem. In 1975, Rosenfeld® gave the concept of fuzzy
graph. Nagoorgani and Radha® found regular fuzzy graph.
Pathinathan and Jesintha Rosline? introduced double lay-
ered fuzzy graph. In this paper, section 2 contains the
basic definitions of fuzzy graphs. In section 3, we gave a
new fuzzy graph called double vertex fuzzy graph used
in some theoretical concepts of regularity condition of
DVEFG.

2. Preliminaries

Definition 2.1 [5] A Fuzzy graph G is a pair of functions
denoted by G: (. u ) where o5 — [0.1] is a fuzzy subset
of a non-empty set S and #:5X5 — [0.1] is a symmetric
fuzzy relation on @ such that for all % ¥ in S the rela-
tion plwv) = pluv) = o(wAc(¥) is satisfied. A fuzzy
graph is complete if ulu, ) = o{ulAs (@) forallw v inS.
G*:(V, E) denotes the underlying crisp graph of G: (. u)
where £ € 5X5 .

*Author for correspondence

Definition 2.2 [3] Let G : (o.4) be the fuzzy graph, the
order of & is defined as o = Y .

Definition 2.3 [3] Let 6 : (v.4) be the fuzzy graph.Tthe
size of G is defined as se1= ¥ s,

Definition 2.4 [3] Let 6 : (2.1 be the fuzzy graph. The
degree of the vertex G is defined as

dg) =)

WL
vEW

Definition 2.5 [3] Let ¢: (&) be the fuzzy graph on
G:(VE) Ifds @)=k forallveV,then 6 is said to be a regu-
lar fuzzy graph degree k or k- regular fuzzy graph.

uluv),

3. Double Vertex Fuzzy Graphs
(DVFG)

Definition 3.1 Let & : {o.u) be the fuzzy graph with
the underlying crisp graph G*:(V,E}. The pair DV (G):
(Fovs Hov) is defined as follows. The node set of fuzzy sub-
set g is defined as

_ (elwlifue o
Yov = Ia{ujif‘u Eg
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The fuzzy relation Ypv is defined as

wl(uw) \fu, veEU
u(ufJAa(:uJ.:) if u; € candy; €0
Moy = andeachujisadjacentwithsingle
u;either clockwise oranticlockwise
Doth;.rwise
Since oy = ooy (Wacyy (¥) for all uyv in TUH

where Hpv is a fuzzy relation on the subset @ov. So the pair
DV F (G): (ogy. gy ) is defined as double vertex fuzzy

graph and the graph is labeled as DVF ().
Example 3.2

v, (0.6)

v, (0.6)

e:(0.5)

e: (0.6) 3(0.5)
(0.5)

v5(0.7) ve(0.5)  e.(04) vo(0.7)

e: (0.6)

v3(0.5)  ey(0.4)
Fig 1. Double vertex fuzzy graph

v,(0.6)

v:(0.5)  (0.4) v2(0.7)

Property 3.3
For a fuzzy graphH ,Order DVF (H) = 2 Order (H)

Proof:
By definition of double vertex fuzzy graph

_felwifueco
Yov = (wifueo

OrderDVF(H) = Zawm{u]

WET

= Z o) + Z ()

HED WEd
= Order(H)+ Order (H)
= 2 Order (H).
Property 3.4
SizeDVF (H) = 2 5ize (H) + Order (H) where H isa
fuzzy graph.
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Proof :
By definition (3.1)

SizeDVF (H) = Z Upp e (6 1)

UL, FET

= Z ple ) + Z wle v} + Z Iﬂ'{ﬂi].ﬂ.ﬂ'{ﬂj}

U,2FET U ET H,2VED

= Size(H) + Size (H) + Order (H)

= 2 Size (H) + Order (H).

Property 3.5
Let H be a  fuzzy
doven = G50 + owdae(y)ifu e o

Proof:
Let dx() = Z.“(% v) and let¥ € @ then

ULy
vEW

dovgn() = ) Hoven ()

UL, FET

graph,  then

= Z v} + r.r{u-.]n.u'{u] }

WLFET

= dy @)+ ol;)as(y)) forall“ € @,

Theorem 3.6

Let H: @pw+ tipr ) be the fuzzy graph and the underly-
ing crisp graph is H:(o.4) | Suppose if @ is a constant
function and if His regular fuzzy graph, then PV () is a
regular fuzzy graph.

Proof:

Suppose that & isa constant functionand & is a regu-
lar fuzzy graph.Let #(v) = ¢ and 45 (") = K is a regular
fuzzy graph forall ¥ € 7,

dprgn() = dy @+ ”{“i]“‘“{ud }for alvE T

= kdcac =k+c forall¥ET

Theorem 3.7

Let H: (557, g ) be the fuzzy graph and the underly-
ing crisp graph is H : (@.4). If @ and ¥ are the constant
functions on cycle, then DVF (H) is a regular fuzzy graph.

Proof:

Suppose that @ and & are constant functions. Let
o(u) = ¢ and u (uv) = k = ¢. Because H isa fuzzy graph
on the cycle and only two edges are incident with each
vertex for cycles, for any % € & Given that ¥ is a constant
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function, wlur) =k foraljuv € E , then du) = 2k for
evervU ET oo H igreoular
Aorpn@) = de @+ oldac(u ), ues
=2k+tcac =2k 4 foralluET

Hence DVF(H) is a regular fuzzy graph .

Theorem 3.8

LetH: @y tipy) be the fuzzy graph and the underly-
ing crisp graphis #:(.4) If ¢ is a constant function
and ¥ is the alternative edge have same membership val-
ues on even cycle, then DVF (H) is a regular fuzzy graph .

Proof :
Given 7 is a constant function and ¥ is a alterna-
tive edges have same membership values.Suppose that
— _ [ Kifk < ¢ ,iiseven
o) = ¢ and » ("J—I ¢ — kifiisodd
Since H is a fuzzy graph on even cycle and only two

edges are incident with each vertex for cycles, for any
UED

) . Kifk < ¢ il
If & is an alternative edge, say and # @ ={", 5 seoad
for allur € E, then d@)=k+c—k=c foreveryu € o,

soH s regular.
dopen) = dy @+ olu;da H{H;}for allu e o
= c+cac =2c forallueo
Therefore, DVF (H) is a regular fuzzy graph .

Example 3.9
v,(0.6) 04 v2(06)
0.3 0.3
7 (0.6) 04  va(06)
Fuzzy graph
0.6
v, (0.6) 0.4 v(06) wvs(0.6) p4 v, (0.6)

03 0.6 03 03 0.6 03
0.6
v3(0.6)

ve(0.6) 04 v;(0.6)

v, (0.6) 04

Fig 2. DVE(H) is a regular fuzzy graph
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Theorem 3.10

Let H: (@pp+ tor ) be the fuzzy graph and the underly-
ing crisp graphis H:( &, u}. If 7 is an alternative vertex
f1 < €z and ¥ is the alternative edge have same member-
ship values on even cycle, then DVF (H) is a regular fuzzy
graph .

Proof :
Suppose that & is an alternative vertex £; < cg and
is alternative edges have same membership values

Let o) = {01 ifiisodd and ule) = {

cq ifiiseven

kyif kg = cq.iis even
£y —ky if i is odd

Since H is a fuzzy graph on even cycle and only two

edges are incident with each vertex for cycles, for any
UE DT,

Ifu isanalternative edge, sayand (e) = I k;if_k * ::lfc ?'S;Z‘:u
forallur € E, thend@) = k3 +cy —ky = csforeveryu € o,
so H is regular.

doven@) = de @+ obdaoly)for gl u €@

=y +cyac; =20y foral] UE D

Therefore, DVF (H) is a regular fuzzy graph.

Remark 3.11 In theorem 3.10 the condition £3 < £z is
necessary. Otherwise the above theorem (3.10) fails. This
is illustrated with the following example.

Example 3.12

v, (0.6)

v;(0.6) o2 v2(0.5)

7,(0.6)

v2(0.6) 02 ve(0.6) 02
Fig 3. DVE(H) fuzzy graph is not a regular fuzrzy graph

v3(0.5)

v5(0.5)

Theorem 3.13
Suppose H:(py+tpr) be the fuzzy graph and the
underlying crisp graphis H:(@.4) If & is an alternative
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vertex 1 = €z and ¥ isa constant edge have same mem-
bership values on cycle, then DVF (H) is a regular fuzzy
graph.

Proof:
Since 7 is an alternative vertex ©1 < €z and ¥ is
an constant edges have same membership values. Let

_ | cqifiisodd e : =
olu) = [Czif“meuand piled = kyifky =,

Since H is a fuzzy graph on cycle and only two edges
are incident with each vertex for cycles, for any % € & If
U isa constant edge, say and ¥ (6;:) = ky if ky = €5 for
all uv € E | then d) = 2Ky forevery ¥ €0 |50 H s
regular.

doven@) = dy @)+ o ou;)foranues

=2k, ¥+ cacg =2k FesforalluE T

Therefore, DVF (H) is a regular fuzzy graph.

Theorem 3.14
Let H: (@py+ tipy Ibe the fuzzy graph with the underly-
ing crisp graph H# : (&, u) 1f

N ifi=lL2,m,n—1
o) = [ czifi=mn
stant edges have same membership values on cycle, then

ey <c; and ¥ is an con-

DVF (H) is a regular fuzzy graph.

Proof:
Suppose that 3 < ¢z and ¥ is a constant edges have
. . gyifi = 1.2, wean—1
same membership values.Sinces ;) = [ caif i m
and yu(g;) = kqifky =y,
Since # is a fuzzy graph on cycle and only two edges
are incident with each vertex for cycles, for any % € @,
If# isan constantedges,sayand 4 (&;} = kyif ky = ¢y
for all uv € E | then d(u) = 2k, for every u € 7, s0 H is
regular
dovgn @) = dy @) +ollae(y) ¢, 4
u; Eo,i=12,...n—2.
=2k; + cjac; = 2Ry + € forallt: €T
dﬂvm){”n—j_] = dyg (wy_y)+ oluy_qlas(u,) for
Un_1 EF,
= 2ky + cqac; = 2k + €y fortin-1 €0
prgn@n) = dy @)+ clugdaecy o, u, €0
=2ky 4+ coacy =2k oy foruy, ET.
Therefore, DVF (H) is a regular fuzzy graph.
Example 3.15

(n — Dvertex and last vertex, ¥ is constant edge odd
(or) even cycle, ty = Ug = " = Uy_y < Uy
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v,(06) 04 ¥,(0.6)

0.7) 04  va(0.6)
Furzry zraph

0.6

0.4 v2(06) wvs(0.6) 0.4 v;(0.6)

7,(0.6)

0.3 0.6 0.3 03 0.6 0.3

0.6
75(0.6)

v (0.7} 04 (0.7} g4 v-(0.6)

Fizg.4 DVE(H)is a regular fuzzy graph

Theorem 3.16

Let #: (@pr» 4o Ybe the fuzzy graph with the underly-
ing crisp graph (o.4) . If o is an alternative vertex

ofug) = et

and H is an constant edges have same membership val-
ues on cycle, DVF (H) is a regular fuzzy graph.

Proof:

Suppose that €1 £ ¥ and ¥ isan cons_;:elln'fi gdges have
>'c, ifiseven

and u (g;) = kyif ky = ¢, Since H is a fuzzy graph
on cycle and only two edges are incident with each vertex
for cycles, for any 4 € 7,

If “isanconstantedges,sayand¥ (e;:) = kqif ky = ¢y
for all ¥¥ € E | then d(u) = 2k for every U € 7, 50 H s
regn]ar,

Aoren) = dy @+ ocldac(w ) . u e 0.

=2ky +cqax = 2k 464 forall 4 € o

ifiisodd@membership value @ 12 ¢ 1@wherexisnota

same membership values. Let eu:) =

Hence, DVF (H) is a regular fuzzy graph.

Theorem 3.17
Let H:(@pv . ipvdbe the fuzzy graph with the under-

lying crisp graph :(@.4) | If ¢ is an alternative vertex
)=t fisddEmenbershipveue Bzl wheresismt
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and ¥ is an alternative edges have same membership
values on even cycle, DVF (H) is a regular fuzzy graph.

Proof :

Suppose that €1 = * and # is an alternative edges
have same membership values on even cycle.

Let olu) = aifisedd . qule) = kyifky <

= ry ifiiseven

o ey

Since, # is a fuzzy graph on even cycle and only two
edges are incident with each vertex for cycles, for any
UE DT Then d(u) =ky; +¢; —k; = ¢; for every €7,
so H is regular.

pren@) = dy @)+ o(u;)a r.r{uj-}for alue o

=c¢; +cyax = 2¢q foralluews
Therefore, DVF (H) is a regular fuzzy graph.

Theorem 3.18

Suppose H:(@prs tipr) be the fuzzy graph and the
underlying crisp graph is H: (. 4) is an cycle. Then @ is
a constant function if and only if the following statements
are equivalent:

H is a regular fuzzy graph

DV F(H) is a regular fuzzy graph.

Proof:

Assume that @ is a constant function. Let
¢@) = cforallu e o. Assume that # is a ¥» — regular fuzzy
graph. Then dxw) = kyforallu € .

S0, dorgny@ = dy @+ oludac(u;)forallueo

= ky+cac =ky+cforallu€Ew

Therefore, DVF () is a regular fuzzy graph. Thus (1} = ()
is proved.

Now, Suppose that DVF(H) is a k2 regular fuzzy graph.

Then, @oven@) = &z forallues

dx@+obdacly) =k forallueo

dp@+olw) =kyforalluees

dz)+ec=kzforallu€eo

dg@)=Fkz —cforallues

So, # is a regular fuzzy graph .Hence (1) and (2) are
equivalent. Conversely, suppose that ¥ is a regular fuzzy
graph and PVF () is a regular fuzzy graph.

Aprgny@) =k+ ¢ and dx @) = k2 — ¢ for al]l « € o.

= dx@+olac(u)=k+c and dx@=k:—c for all
UEQD,

= kg — c+a(u;-]aa{u_;-}= k+cforall] uE @

= U(u-,]n.u'{u]-} =k+tc—Fkr+e fora]lHE T

= olu;la a{u_l.-} =k—kz+2c forq]]UET

= ollac(y)=ciforall u€ T
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Therefore, @ is a constant function.

Theorem 3.19 Suppose that #: (@pr« tiprIbe the fuzzy
graph on complete fuzzy graph kn on H: (o, 1) 1f 7 isa
constant function, DVF (H) is a regular fuzzy graph.

Proof:

Suppose H : (@.1) is the fuzzy graph on complete
fuzzy graph kn on H : (7. 4) Let 7@) = ¢ s a constant
function for all ¥ € & . For any complete fuzzy graph
(n — 1) edges are incident with a vertex.

Since # is a complete fuzzy graph.

pln v) = pwlww) = o@ac(v) =cac=c¢

de@)=—-1)

Gprey@) = de )+ r.ri.[l.l-,].m:.'{l.l1 }

=M—1)+c=nc foralu€0

Therefore, PVF (H) is a regular fuzzy graph.

Theorem 3.20

Suppose that H:{opy.#av)be the fuzzy graph on
starS1n. If @ and ¥ are a constant functions# = ¢,
Then doven@s) = doven(tnez) =+ sand  doven@:) = u+o for
i=23..n+Ln+3..2n+2,

Proof:
Suppose that @ and ¥ are constant functions. Let
o) = and u(@v) = u < ¢, Since # is a fuzzy graph on the

star eraph and "edees are incident with single vertex.
dluy) = d(upp) = nu ,

dluz) = dlug) == d(“r.u} = d(“.wa} == d{“:n+2) il
dpriy @) = dg (uy) + olugdac(uy, ;)
= nu+ ohc= nuto

Fori= 2.3,...1,
oy ) = de @+ a{uihu{un_,_-,_,_z} = uto
dav{a){“n+1} = dg (“.-.+1} + E:’{'-‘l1+1}A"'-"["‘l1+2]'
=u+t+o
dav{a}{unu) = dg (’”n+z} + 'J{“n+2 }A“{“HI)
=nu+o
For all
1= 3 n+ gy ns ) = dg @pad+olugg sy, ) =u+o

4. Conclusion

In this paper, we have defined a double vertex fuzzy graph
and use the concept of check the regularity conditions.
We have numerical example is given to verify the regular-
ity results. Further work in this regard would be required
to study about various fuzzy networks.
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