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Strength criterion effect on the mechanical response
of elasto-brittle plastic rock mass considering
different post-peak elastic strain forms

The strength criterion is an extremely important basis for
evaluating the stability of surrounding rock and optimizing
the support pressure design. In this paper, nine different
strength criterions are summarized and simplified based on
the reasonable assumption. And then, a new unified
criterion equation is established which includes all of the
strength theories proposed by this paper. Meanwhile, a new
unified closed-form solution for circular opening based on
the newly proposed unified criterion equation is deduced
with the non-associative flow rule under plane strain
conditions. In the plastic zone, four different elastic strain
assumptions are applied to solve the plastic zone
deformation. The validity of the solution is also verified by
comparing with the traditional solution. Finally, the
influences of strength criterions, dilation coefficient, elastic
strain form of plastic zone and rock mass damage on the
mechanical response of surrounding rock are discussed in
detail. The research result shows that Tresca(TR) and Von
Mises (VM) criterions give a largest plastic zone radius,
followed by Inscribe Drucker-Prager (IDP), Mohr-Coulomb
(MC) and Middle Circumscribe Drucker-Prager (MDP)
criterions and seem to underestimate the self-strength of rock
mass. Circumscribe Drucker-Prager (CDP) criterion gives
a smallest plastic zone radius and may be overestimated the
self-strength of rock mass; Unified Strength Theory
(USTO0.5), Generalized SMP criterion (GSMP), Mogi-
Coulomb (GMC) and Generalized Lade-Duncan (GLD)
criterions which reasonably consider the effect of internal
principal stresses give an intermediate range and can be
strongly recommended for evaluating the mechanics and
deformation behaviour of surrounding rock. As the dilation
coefficient gradually increases, the dimensionless surface
displacement  presents the nonlinear increase
characteristics; The deformation of plastic zone which are
closely related to the strength criterions, are also greatly
influenced by the elastic strain assumption in the plastic
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zone and rock mass damage degree. The assumption that the
elastic strain satisfies Hook's law (Case 3) may be more
reasonable compared to the continuous elastic strain (Case
1) and thick-walled cylinders (Case 2) assumptions. In
addition, the Young's modulus power function damage
model seems to give more reasonable solution for the
deformation of plastic zone and is suggested to be a
preferred method for solving plastic displacement. The
research results can provide very important theoretical
basis for evaluating the tunnel stability and support design
reliability for different lithology rock mass in underground
engineering.

Keywords: Unified criterion equation; circular tunnel;
post-peak elastic strain; Young's modulus attenuation

1. Introduction

ccurate prediction for stresses and displacement
Adistribution of circular opening play a crucial role in

evaluating the mechanics and deformation
behaviour of rock mass in civil, mine, oil engineering and
natural gas development engineering. The circular opening
may include tunnel, vertical shaft and boreholes. As for
most of the analyses reported in the past, the solution are
given considering different yield criterion, like linear Mohr-
Coulomb (MC), Tresca (TR) and nonlinear Hoek-Brown (HB)
criterion [1-9]. Nevertheless, above studies didn't consider
the effect of intermediate principal stress on the mechanical
response of surrounding rock. Many research results have
shown that the intermediate principal stress has significant
influence on the failure behaviour of rock mass [12-14, 17,
18]. In addition, rock mass as a natural geological material,
the yield failure criterion is more complicated under the
influence of internal crack and joint. Therefore, it is
extremely difficult to reconcile the calculation results with
the field measured results if only one or two yield criterion is
used to predict the stresses and displacement behaviour of
surrounding rock. In this paper, as shown in Table.1,
different yield criterion, such as Mogi-Coulomb (GMC) [10-
11], Drucker-Prager (CDP, MDP, IDP) [12-15] , Generalized
Lade-Duncan (GLD) [16], Generalized SMP (GSMP) [17-19]
and Von Mises (VM) [3, 20], unified strength (UST) criterions
[26-28] et al, will be summarized and simplified, then used to
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study the mechanical response of rock mass.

For an elastic-brittle plastic rock mass, the post-peak
deformation is closely related to the assumed form of elastic
strain in the plastic zone. Brown and Braw et al. researched
the ground response curve for the rock tunnel by assuming
that the elastic strain in the plastic region was equal to that
on the elastic-plastic interface [21]. Sharan presented a series
of new closed-form solution for the prediction of
displacements around circular openings in a brittle rock mass
with nonlinear Hoek-Brown criterion by regarding the elastic
strain of plastic zone as the thick-walled cylinder [22]. Yu,
Zhang and Reed et al hold that the elastic strain in the plastic
zone satisfies the generalized Hooke's theorem, and then
derived the deformation of plastic zone with non-associative
flow laws [23-25]. In addition, Park summarized above three
different definitions for elastic strains in the plastic zone and
analyzed the deformation law of plastic zone with Mohr-
Coulomb and Hoke-Brown criterion under three different
cases conditions [7]. However, the post-peak Young's
modulus attenuation along the radii direction is ignored in this
study.

In this paper, different yield criterion of rock mass is firstly
summarized, and then a unified yield criterion forms are
derived by simplifying above criterions. Next, a new closed-
form solution for stresses and deformation distribution around
a circular opening subjected to the hydrostatic pressure is
also obtained with the new proposed unified yield criterion.
In the plastic zone, five different definitions for elastic strains
in the plastic zone and non-associated flow rule are adopted
to establish the radii displacement solution. The correctness
of the solution is also verified by comparing with a series of
traditional solution. Finally, the influences of strength theory
and elastic strain definitions of plastic zone on the mechanical
response of surrounding rock are discussed in detail.

2. Brief description of main yield criterion
2.1 MoHR-COULOMB CRITERION

The linear Mohr-Coulomb (MC) criterion ignored the
influence of intermediate principal stress had been widely
used in geotechnical engineering. The governing equation for
MC criterion based on the cohesion (c) and internal friction
angle () can be expressed as following [1-2].

o, =No,+o, (1)

Where N is a constant which is a function of the internal
friction angle and o, is the uniaxial compressive strength
(USC). They can be expressed as following:

M_l+ﬁnw

J l-sing -2
2ccos

o =‘__T_j2 ..3)
l—sing
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2.2 TRESCA CRITERION

Tresca (TR) criterion is a simplified form of MC criterion
and assumes failure occur if the maximum shear stress (z,,.)
inside any plane of rock mass reaches a critical value. The

expression form is
0,~G;
2

2.3 GENERALIZED LADE-DUNCAN CRITERION

=Ty =€ (4)

In the early 1973, Lade-Duncan criterion has been firstly
proposed by considering the intermediate principal stresses
based on the triaxial compression test for non-cohesive soil.
Then, since 1999, Lade-Duncan criterion was modified by Ewy
so that it can reasonably describe the strength characteristics
of cohesive soil by introducing bound stress (o). Its
generalized expression is also given as [16].

1 .= e
g, +0, =£[3 KLade -1+ (\J'J JKI.ade '])2 '4]2(03 +O’u) = 'rl,LmIe(O-A +'70) (5)

3_ : 3
Where, o, =ccotg;K,,, = (3-singp)

(1+sing)(1-sing)*

1 - - 2 2
Miage = Z[ 3\' KL:ule -1+ \||' (\31 JI&Lmle - l) - 4]

2.4 GENERALIZED SMP CRITERION

Considering the effect of internal principal stress, H.
Matsuoka and T. Nakai proposed SMP criterion which can
be expressed by three principal stress invariants [19]. Then,
according the coordinate translation method, the generalized
SMP criterion is also deduced as following [18].

I‘ - - 2
0, +0, :Z[VKSMP _l"'\jf\s_\w_}_z Ko I'(05 +0,)
= Ngswe (05 +0y)

Where,

2 l - - - 2
Kop =81a0" 0491 = Z[V'A.\-MP 1+ Kgp —3-2{Kqp |

2.5 MoGI-COULOMB CRITERION

©)

Based on the Mogi's theory [10], Al-Ajmi and Zimmerman
found that the polyaxial test data can be fitted by linear

relationships in 7, — o, , space.
T, =00, ,+b (7
— l 2 2 2
f = @0 om0 H (@m0 )t L®)
o,+o,+0,
Op2 =3 -

Where, o, , is mean normal stress and 7_, is octahedral shear
stress. The parameters @ and b can be related exactly to the

Coulomb strength parameter.
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a=——sing,b= 22 ccos g .. (10)

As the Von Mises criterion, we take o, = (o, + 0;)/2. Then,
the Mogi-Coulomb (GMC) criterion can be obtained by
integrating Egs.(7), (8) and (9).

J6 +3a 6b

- oy - =0
\/g—Ba ' \/E—Ba

2.6 UNIFIED STRENGTH THEORY

‘f‘(O',,O's)= O,

(1)

Based on the twin shear yield criterion, the unified
strength theory (UST) is established by considering the
influence of all the stress components on the material yield
failure [26-28]. In geotechnical engineering, the cohesion and
internal friction angle are usually used to represent this yield
theory. The yield function can be expressed as follows:

g +o, 0 —0

3

If o, < sin
2 > > @
1 —sing bo,+0, 2ccos .. (12)
f(c,.0,)= . p DO, TO; ; ®
l+sing 1+b I+sing
1—sin 2¢cose ... (13
10,00 =— S0 (5 4 bo,) g, = 20050 (1)

T A1) +sing) ! " Tesing

Where, b represents the yield parameter related to the
intermediate principal stress, which can reflect the effect of
the intermediate principal shear stress and the positive stress
on the yield failure of the rock material, and 0<b<I1. As the
Fig.3, if b=0, UST will translate into the MC criterion; if =1,
UST is converted into general twin shear strength (GTSS)
criterion; if 0<b<I1, UST is a series of other ordered new
strength criteria.

Just like sections 2.5, if,can be judged by substituting into
Eq. (12a) or (12b), Therefore, UST can be rewritten as:
_2+b+(2+3b)sing o

(2+b)1-sing)

_ A +b)ccose _
(2+b)(1-sing)

fla,.0,)=0, 0 (14)

2.7 DRUCKER-PRAGER CRITERION

Drucker-Prager (DP) criterion is an extension of the Von
Mises criterion, which takes into account the effect of
intermediate principal stress and hydrostatic pressure on yield
failure of the materials. It can be expressed as

U J) =T, +al, k=0 . (15)

Where, /, and J, are respectively the first principal stress

invariants and the second deviator stress tensor.

I, =0, +0o,+ 0o .. (15)

_ (o —0'2)2 +(o, —0'_.‘)2 +(o, —0'3)2
6

J, .. (16)
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The parameters a and £ are the material constants, which
can be determined from the slope and the intercept of the
failure envelope. The parameter k is related to the cohesion
and internal friction angle of rock mass. The parameter a is
only related to the friction angle. Therefore, the Mohr-
Coulomb parameter can be used to descript the DP criterion.
By comparing with the yield curve of MC criterion in the n-
plane (Fig.1), the DP criteria can be divided into Circumscribe
Drucker-Prager (CDP) criterion, Middle Circumscribe Drucker-
Prager (MDP) criterion and Inscribe Drucker-Prager (IDP)
criterion.

*  When the yield curve of DP criterion is the circumcircle
of MC criterion, the material parameter and for CDP
criterion can be obtained by Deng and Zhang [12,14].

2sin¢g 6ccos
a = . b = .
Jg(?y—sm @) \E(B—sm(o)
*  When the yield curve of DP criterion is the inscribed circle
of MC criterion, the solution of @ and k parameter for IDP
criterion presented by Vekeens and Walters [15]
= V3ecosg
\/ (3 +sin® @)
*  When the yield curve of DP criterion is between CDP and

IDP, the material parameter @ and &k for MDP criterion will
be expressed as follows

. (17a)

sin @

e — —
\/(9+ 3sin’ @)

. (17b)

_ 2sing _ 6ceose
\/5(3+singo}‘ J§(3+sin(o}

-~ (170)

As shown in sections 2.6, the Drucker-Prager criterion can
be deduced by taking o, = (o, + 5;)/2 into Eq. (14).
30 '
1+3c oo 2k _ 0
1-3a¢ ~ -3«

2.8 ESTABLISHMENT OF UNIFIED CRITERION EQUATION

‘f‘(6|’63)=61 -

. (18)

As shown in Table.1, the unified equation of different
yield criterion can be summarized based on the above
analysis under plane strain conditions.

f(o-l,crs):cr]—gicrs—}j:(] .. (19)

Where, the subscript "/" represents different yield
criterions. §j and Yj are the material constants of different
criterions which can be divided into two different cases.
When §j=1, the Eq.(16) corresponds to the TR and VM
criterions; when éj;tl,the Eq.(16) represents the other
criterions. Therefore, it can be regarded as a unified criterion
equation to research the mechanical response of rock mass.

3. Problem description
3.1 ESTABLISHMENT OF CALCULATING MODEL

Fig.2 shows that a circular opening excavated in a finite,
isotropic, homogeneous elastic-brittle plastic rock mass
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Tresca Yield Criterion

Unified Strength Theory

- .;\. b=0,(Mohr-Coulomb
. Yield Criterion)

b=1/2
b=1,(Generalized Two

Shear Sress Criterion)

Mohr-Coulomb
Yield Criterion

Generalized SMP
Yield Criterion

Generalized Lade-Duncan

/ Yield Criterion

Mohr-Coulomb
Yield Criterion

~ Middle circumscribe
N Drucker-Prager
Yield Criterion

' Circumscribe

\ /)mcker—Pm ger

Yield Criterion

Inscribe Drucker-Prager
Yield Criterion

Fig.1 Different yield criterion curves in the m-plane under plane strain condition

subjected to an inner pressure o, at the inner radii R, and a
hydrostatic pressure p, at the external radius R,. As o,
gradually decrease, the displacement will occur and the plastic
zone with the radii R, firstly develops around the circular
opening when the maximum principal stress and minimum
principal stress satisfy the initial yield condition. The
influence of the rock mass weight in the plastic zone on the
radial displacement and inner pressure is ignored. In this
paper, the brittle plastic rock mass is introduced to research
the post-peak mechanical behavior of rock material. As shown
in Fig.3, the strength of the rock mass suddenly drops after
peak-load and the post-peak softening behavior of strength
parameters will occur. In other words, the post-peak cohesion
¢, internal friction angle ¢, , Young's modulus £, and
Poisson's ratio v, are used to solve the stress and
displacement distributions in the plastic zone.

Under axisymmetric plane strain condition, when p,> o,
the hoop stress o, and radial stress o, are respectively
maximum principal stress and minimum principal stress; the
tangential strain g, and radial strain ¢, are respectively
maximum and minimum principal strain. Accordingly, the
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unified criterion equation can be rewritten as follows:

_ pini ini
Ooiy =6, Oy +1; ... (202)

For peak stage

Oy =&, 0,4+ Y] For post-peak stage ... (20b)

l’l'll

Where, the subscript "i" represents different zone (i =1,2).
‘g’ii”i and Y are the initial strength parameters, respectively.
Sj’es and eres are the residual strength parameters,
respectively.

3.2 BASED EQUATION

For the axisymmetric plane strain problem, the equilibrium
differential equation can be expressed as (ignoring the body
force of rock masses) [22, 24].

do

%)
dr r

The geometric equation, based on the small deformation
assumption, can be denoted as

Oy " T -0

-2

-
O P Uiy
*Cariy T

o (i) ”

& = .. (22)
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TABLE 1 A SUMMARY ON THE YIELD CRITERION UNDER PLANE STRAIN CONDITIONS

Simplified yield criterion

Intermediate

Failure criterion Initial yield criterion Linearity
(o,=&0,+Y) principal stress
Mohr-Coulomb (MC) 1+sin 2¢cos 1+ sin 2ccos
g = - wo-j t— L4 Sue = - qo; = - L4 Linear No
[1-2] 1-sing 1-sing 1-sing 1-sing
Tresca (TR)[3] % -1 =c £ =1:Y, =2¢ Linear No
Generalized Lade-Duncan ul' y - (3-sing)y’ Eon = o + Non ¥
= Brage T - - ] ©s
(GLD) [18] I (I+sin @)(1-sing) Yoip = (oo = Do, linear
1 : ; P V6 +3q, .
— - 2 _ — Smac T T 5.
Mogi-Coulomb (GMC) 3 J(@,-0,Y +(0, -0, +(0,~0) J6 -3q,
Linear Yes
- o +0,+0.
(10-11] e/ 3 ; Siq, 1qy=—3-sing,g, =—=ccosp Yoo = 64,
oo
: : V6 -3q,
\/(0’1—0'2)2+(O'2—O'3)2+(O']—0'3)2 N
de on
Von Mises (VM)[3.20] 6 =iy =—F Yes
_ \/I _ E \6 linear
©3
Generalized SMP criterion I . Sasmr = Haswp » Non
]_]2=KG'SMP;KGSW =8Lan"‘¢7+9 Yes
(GSMP) [17-18 ] b Yoar = Mo — Do, linear
Circumscribe \/J_z =k-al
Drucker-Prager (CDP) __Gccosp 2 sin g Yes
[12-14] V33-sing) " 3(3-sing)
Middle Circumscribe The expression form is same as CDP. Non
1+3 2k
Drucker-Prager (MDP) 6ccos@ 2sing Sepp = B , Yopp=—— linear Yes
= - Lo= - 1-3a 1-3a
[12] J§(3+sm¢] v'{g(3+sm¢a)
The expression form is same as CDP.
Inscribe Drucker-Prager
V3ecos @ sin @ Yes
(IDP) k= == —
\/(3+sm‘¢)) \/(9+3sm @)
Ifo, <(6,+0,)/2- (0, - ,)sing/2
F_l—singoa_bo'z+a_‘_20cosp_ _2+b+(2+3b)sing
Unified Strength Theory l+sing ' 1+b L+sing’ o (2+b)(1-sing)
) linear Yes
(UST) [26-27] Ifo, 2 (0, +0,)/2~ (6, ~0,)sinp/2 _ 4(l+b)ccosp
UST — :
1-sing 2ccos @ (2+b)(1 -sing)
=7I[O'l+bﬂ'2)—g_‘= "
(1+ b)(1+sin @) 1+sing
. . 3+5sing
Generalized Twin shear SoTss —ar s
3(1—sing)
stress criterion (GTSS) When b=1, UST is equal to GTSS. linear Yes
Sccosg
28 =Y
[28] ST = 31 —sin @)

Where, Uy is the radial displacement. Both the radial
displacement u,, and radial contact stress o, should be
continuous at the elastic-plastic interface, respectively.
Therefore, the boundary conditions around the circular
opening can be summarized as

JOURNAL OF MINES, METALS & FUELS

r=R,,0,, =0,

F=Ry, 0,0 = 0g U = Uy

r=R,,0,,, =P,

-~ (23)
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Outer boundary (! G =po)

——— ‘Elastic-palstic
boundary

Fig.2 Calculation model of circular opening with infinite boundary
(Ry—0).

4. New unified solution of circular opening

4.1 STRESSES AND DEFORMATION IN ELASTIC ZONE

For deep underground engineering, a circular opening
subjected to an inner support pressure o, at r=R_ and
hydrostatic pressure p, at infinite external boundary is a
special case of the axisymmetric thick-wall cylinder. According
to the elastic mechanics theory, the stresses and displacement
solutions in the elastic zone can be easily deduced as
following

R
Oy = Py~ (py — Oy )(T‘)z ... (24a)
RI 2
Oy = Po+(Py— 0y )(7) .. (24b)
1 _ 2
y AP o) R . 25)

r(2) = E ’

Where, E and v are the initial Young's modulus and initial
Poisson' ratio, respectively. The initial yield failure condition
should be satisfied at the elastic-plastic interface. Therefore,

the radial contact stress o, can be derived by substituting
Eq.(24a), (24D) into Eq.(20a) under different yield criterion.

- (2}30 _ }T”i)

JRI (l 4 g-:.:rri ) “ee (26)

The radial displacement at the elastic-plastic interface

(r = R,) can be also determined by Eq.(25) as follows:

1 _
-y

HR, E 1 (27)
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4.2 STRESSES AND DEFORMATION IN PLASTIC ZONE

Obviously, the stresses in the plastic zone should satisfy
the equilibrium differential equation and are easily deduced
by submitting Eq.(20b) to Eq.(21) as well as combining with
the boundary condition 0,1y = Op atr = R,. However, for 5 S
=1and éj’“ # 1, the stresses solution in the plastic zone are
inconsistent.

If éjres # 1, the unified stresses solution in the plastic zone
will be obtained as:

Fres » Jres
&1 i
O, = (O +——)>)" = (28a)
r(1) o e e
gl R T
res r res
__ peres i e |
Opmy =5 (o, +_§}_es _R(Fﬂ) ! ):;?3 Y ... (28b)

Here, the subscript "/" represents MC, GMC, GLD, GSMP,
CDP, MDP, IDP, UST and GTSS criterions.

Then, the radii of plastic zone can be determined by
considering the boundary condition o, ,, = o, at the elastic-
plastic interface. By integrating Eq.(24a) and (28a), the radius
of plastic zone for deep circular opening can be easily
deduced as follows:

- (2p0 _ Y;’rri )I'(l + l;:jui ) + },:l.l'f?s IIIII."(Q':;"’J _ l)
| .(29)

R, =R,” —
1 0 O_D + },}res II.-"I ( .;:; e l)

If 5/.’” = 1, the unified stresses solution of plastic zone
based on the TR and VM criterions are

res r
O,q) =0, +7] ln(R—ﬂ)

.. (30a)

res r
Ogqy = Oy T Y; [1+In(—)]
0
As the solution for Eq.(29), the unified radius solution of
plastic zone based on TR and VM criterions are

.. (30b)

(2p-1}" }_.-"I{“';';"' 1-ay

R =Rye ¥ ..(3DH
In the plastic zone, the total hoop strain & n and &1

radial strain are respectively composed of elastic strain and

plastic strain. Therefore, the total strain can be expressed as:

e

n — ~ P
Eory = oy T o)

-~ (32)

— P
& & TEq

Where, £¢,, and £¢, |, and are respectively the hoop
elastic strain and radial elastic strain in the plastic zone; &7 o)
and el ) and are the hoop plastic strain and radial plastic
strain of plastic zone, respectively.

For axisymmetric plane strain problem, the plastic strain
relationships can be established by considering the small
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strain theory and non-associated flow rule [7, 24].

rm + ﬂsem 0 ..(33)

Where, B is the dilation coefficient, = (1+siny)/(1-siny).
v is the dilation angle.

By substituting Eqgs.(22) and (33) into Eq.(32), the
following differential equation for the radial displacement in
the plastic zone can be derived as

a”r(]} Iirfl) e e d
—+f ;. =&+ Pegy, = f (1) .. (3%)

or

From Eq.(34), it can be seen that the radial displacement
is closely related to the elastic strain form in the plastic zone.
Then, the following function can be obtained by solving
Eq.(34) as follows:

tyq) = [ Jyr'drtu, <—> (33

In order to obtain the radial displacement of plastic zone,
the expression for elastic strain should be firstly determined.
Generally, four different definitions for elastic strain can be
used to research the deformation behavior of rock mass in
the plastic zone.

(1) Case 1: It is assumed that the elastic strain in the
plastic region is equal to that on the elastic-plastic interface.
Then, the elastic strains can be expressed as [21]

. U, (1+v)(py —0oy)
gy = ( )ik = I3

. O (1+v)(py —0%) .. (36)
E’[') = ( ar r=R E

Then, the function f{(r) is

(1+V)(1-,5)
E

By substituting Eq.(37) into Eq.(35), the radial
displacement in the plastic zone can be derived as follows:

Sr)=- 03) =0, . (37)

N A+l A+l
émsel r B Rl

WA+

(2) Case 2: By regarding the plastic zone as the thick-wall
cylinder subjected to the inner pressure o, at » = R, and
radial contact stress 0y, at r = R, so, the elastic strain in the
plastic zone can be written as [8,22].

casel __

RI g
Uy, (7) .. (38)

. l+v,, C,
Eoy = E [(A-2v,)C — P‘_E]

R C, ..(39)
6:'(]) E [(l 2" res )(‘ ?'_i]

res

Where,
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C = (O-R1 A }le _(C’;o _po)Rog L C, =
R -R,

Therefore, the function f{r) is

RI2R02 (O-o — Oy )
R}2 - Rug .

J(r)= E"” [d+A)A-2v,)C +(1-5) 2]
.. (40)

=§](“rrsc2 (l + ﬁ) + 0‘-2(‘0.;&2(1 _ ﬁ)r-z

l+v - l+v,
"res (l _ 2",-23 )(’1 , O)f_asel — 1:9.5' (’) .
E?’?-S ) res o
By submitting Eq.(40) to Eq.(35), we can obtain the radial
displacement of plastic zone as follows:

cCase2 _

Where, 1 =

I IAA RJ (1)

2 I- ™
u::lr;’_ — _ﬁ[bttn.sel (r,ﬂu _Rlﬁ ]) é(n:ez

(3) Case 3: By adopting generalized Hooke's law for
removing the effect of initial hydrostatic pressure p,, the
elastic strain in the plastic zone can be expressed as follows:

e (l + vres)
oy = i [(1=v,, )(O'a[n = P0) = Viw (O-a(l) = Po)l
. (47, g%)
Em = I3 [(1-v,, )(O-r{l} = Dy) _vm-(asu} - D)l “2)
Then, the function f{r) can be expressed as follows:
Jr)= E,: (A=, =PV, )0, +
(ﬁ—l/m - ﬁv;-p;)o-e(n +(2v,, D+ ﬁ)pn] 43)

If &% # 1, the function f{r) will be rewritten by substituting
Eq.(28a) and Eq.(28b) into Eq.(43) as follows:

+ vre?s ~case r &

—=1] 3%) ‘

res

‘f‘(},) — _ 5;0.;&3 ] (44)

ceased
Where, 0 = (0, + e

‘DJ

e Pt P =+ 80V, + v, )]

coased
02

=(1=2v, )1+ Bp, — Y /(& -]

By substituting Eq.(44) into Eq.(35), the radial
displacement in the plastic zone can be derived as follows:

Soased
v, 1 0,

case3 _ » “ g _R &+ 8
W EL e pRE )
2(05?3 mEyi 1+5
——— (" =R ) +uy, (—)
(l + ﬁ} ee (45)

If £ = 1, the function f{r) can be obtained by substituting
Eq.(30a) and Eq.(30b) into Eq.(43) as follows:
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1 + ‘IJ CCASE. " SCASE.
) === ln(jz) +50) (46)

Where, (‘::'e’r_s-oS — (l_ 2]’:%‘)(1_’_ ﬂ)Y’r-es 35‘;'”393 — (l -, - ﬁij)o_o +
()6 - IVr-e.s - 161/;-93 )(O-Cl + }j‘“—" ) + (zvras - 1)(1 + ;B)pﬂ

By submitting Eq.(46) to Eq.(35), the radial displacement
for TR and VM criterion in the plastic zone are

censed
él

case3 ]'+V-. l 1+4 r 1+5 Rl
(0 = e 5[ () - R (-
Uy E. ?_ﬁ{l_'_ﬁ[-" (Ro) 1 (Ro)]
5;\13&3 1(‘:::93 " » RI 5
S E— _R —_
+[l+lj (l+ﬁ)2 ](? 1 )}+1"RI(?‘) (47)

(4) Case 4: The mechanical behaviour of rock mass is
closely related to its damage degree in the plastic zone. The
higher damage usually leads to larger deformation behaviour.
Then, the attenuation of the Young's modulus should be
considered in the plastic zone. In this case, the power function
attenuation model of Young's modulus along the radius
direction is introduced to research the deformation behaviour
in the plastic zone:

E(r)=E, (r/R,)"andm = log(E/E,)/log(R, /R,) (48)

If éj’“ # 1, the function f{r) will be rewritten by substituting
Eq. (48) into Eq.(44)as follows:

1+ Vies R(] mp geased , 1 (&1 ~case3
J(r) = E—(.'_') [0, (E) -0, 49)

res ]

By substituting Eq.(49) into Eq.(35), the radial
displacement in the plastic zone can be derived. In fact, the
expression form is the same with Eq.(45) as follows:

coased
1 + VF'P.\' L ()I
r(l) i B T ]
E, r & +p-mR> "
ceised
0,

CQ=B-mR,"

cased

r_:;'“ +h-m R 4 fom )
1

(50)
@ =R+ u, (&)ﬁ
bor

If ‘g’jm = 1, the function f{r) can be obtained by substituting
Eq.(48) into Eq.(46) as follows:

J 1+ Vies R mp ccase r ~case
J(r)= E—(?_O [557° 111(E)+ 5] (51)
FEs )

By introducing Eq.(51) to Eq.(35), the expression form for
radial displacement is similar to Eq.(47) as follows:

l+ . l )"mse’JR i . . . R
) t::r.]s}ai _IHVie — 0 Ky [Hem ln(L)— R (=)
E. r 1+ f-m R, R,
(-)‘;n.sei O‘;’m:’? RI (52)

).5'

]RDH.I(}_H,E—M _ R]I—ﬁ—.w)} + ”R’ (?

+[l+ﬁ—m _(l+ﬁ—m)2
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5 Correctness verification and parameter analysis

5.1 A COMPARISON WITH THE TRADITIONAL SOLUTION

Park et al summarized three different definitions for elastic
strains in the plastic zone (see case 1~3) and analyzed the
deformation law of plastic zone with Mohr-Coulomb criterion
[7]. However, the Young's modulus and Poisson's ratio
attenuation were ignored. In fact, it can be obtained by taking
E . =Ev, =V, é:j = &, and Yj = Y,,c» in this paper. To
further verify the correctness of the calculation results, the
solution by Park et al. will be presented as a comparison with
the solution proposed by this paper. The geometrical and
physical parameters for circular opening are shown in Table.2.

TABLE 2 GEOMETRICAL AND PHYSICAL PARAMETERS OF CIRCULAR OPENING

Parameters (Park et al. 2006)
Hard rock Soft rock
Radius of opening, R, (m) 1 1
Initial stress, o, (MPa) 1 1
Internal pressure, p;, (MPa) 0 0
Young's modulus, £ (MPa) 50000 5000
Poisson's ratio, v 0.2 0.2
Shear modulus, G (MPa) 20833 2083
¢ (MPa) 0.173 0.276
@ (deg) 55 35
C,os (MPa) 0.061 0.055
0, (deg) 52 30
ZQI‘ D If*
- —  Elastic . Brittle plastic stage
Zzone
LA
Brittle plastic zone — :AA
z—. g ,.: o
0 ¥ P

Fig.3 Post-peak failure behaviour of brittle plastic rock mass

From the Fig.4 it can be seen that the calculation results
in this paper is in accordance with Park's closed-form
solution. Therefore, the closed-form solution proposed by
this paper is correct and can be regarded as an extension of
Park's solution.

5.2 PARAMETERS ANALYSIS
5.2.1 The effect of the strength yield criterions

As previously mentioned, the strength criterions have an
extremely important for evaluating the mechanical response
of surrounding rock. For studying the influence of strength
theoretical effect on the stresses and displacement of
surrounding rock, the mechanical and geometrical parameters
of circular tunnel are shown in Table 3.

From the Fig.5 and Table 4, it can be seen that the
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Fig.4 Comparison with the traditional solutions

TABLE 3 THE MECHANICAL AND GEOMETRICAL PARAMETERS OF CIRCULAR OPENING

po/MPa oy/MPa Ry/m E, .. ~E/GPa

V.. =V c.. = c/MPa

res res

Bres = 9/°) B

25 0 3 3

0.25 7.2 18.3 1.0

dimensionless values (and) show the characteristics of TR >
VM > IDP > MC > MDP > UST0.5 > GSMP > GMC > GLD >
GTSS > CDP. Compared to the traditional solution obtained
by MC criterion, the dimensionless value (R,/R) calculated
by TR and VM criterions obvious increase by 125.26% and
78.53%, respectively. This is mainly because the TR and VM
criterions only regards the rock mass as frictionless bonding
material and ignores the impact of friction effect on the
mechanical properties of the rock mass so that underestimate
the bearing capacity of rock mass. Meanwhile, the MC
criterion does not take the effect of the intermediate principal
stress into account and it is easy to underestimate the bearing
capacity of rock mass. Therefore, the deformation of

JOURNAL OF MINES, METALS & FUELS

surrounding rock calculated by MC criterion may be slightly
larger. The IDP and MDP criterions underestimate the
influence of internal principal stresses, so the calculation
results may be also larger than the solution obtained by
UST,;, GSMP, GMC, GLD, CDP and GTSS criterions.
Meanwhile, the result obtained by CDP criterion is minimal
compared to other criterion solutions. In fact, CDP criterion
overestimates the effect of intermediate principal stresses on
rock mass strength and may be not reasonable in practical
engineering. In addition, the calculation results (R,/R,)
obtained by UST 5, GSMP, GMC and GLD criterions are close
to each other within the range of 1.294~1.347. The above four
criterions seem to be more reasonable considering the effect
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Fig.5 The stresses distributions law under different criterions

of intermediate principal stress on yield strength of rock
masses.

From the above analysis, it can be seen that the UST,, ,
GSMP, GMC and GLD criterions can be strongly
recommended for evaluating the mechanics and deformation
behaviour of surrounding rock, followed by IDP, MDP, GTSS
and MC criterions. The TR, VM and CDP criterions are not
recommended to be used for underground engineering.

TABLE 4 THE RADIAL OF PLASTIC ZONE AND CRITICAL INNER PRESSURES
UNDER DIFFERENT CRITERIONS

5.2.2 THE EFFECT OF DILATION COEFFICIENT

As shown in Fig.6, the dilation coefficient has an
extremely important influence on the surface displacement of
surrounding rock. As the parameter 3 gradually increase, the
dimensionless surface displacement u,£/(p R,) presents the
nonlinear increase characteristics. However, the increasing
rate of surface displacement under different yield criterions is
significantly different. For instance, as shown in Table 5,

TABLE 5 THE SURFACE DISPLACEMENT VALUE (u,£/(p R ) OF CIRCULAR

TUNNEL
Strength Strength
criterion R\/Ry; (og,/P¢) criterion  R/Ry; (0g,/p¢) Parameter (f) MC GSMP UST,s MDP
MC 1.528 (0.413) VM 2.728 (0.667) Case 1 1.0 1.713 1.488 1.503 1.626
GMC 1.318 (0.322) IDP 1.556 (0.422) 2.0 1.990 1.601 1.626 1.834
GLD 1.294 (0.308) MDP 1.456 (0.386) 3.0 2.366 1.740 1.778 2.107
GSMP 1.332 (0.329) CDP 1.198 (0.242) Case 2 1.0 1.945 1.607 1.630 1.815
TR 3.442 (0.712) UST, s 1.347 (0.337) 2.0 2.5867 1.879 1.924 2.302
GTSS 1.266 (0.291) 3.0 3.567 2.241 2.320 3.011
208 APRIL 2019
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Fig.7 The effect of elastic strain form on the radial displacement

increases from 1.0 to 3.0, the dimensionless value u E/(p R )
respectively increase by 38.12% for MC criterion, 16.94% for
GSMP criterion, 18.30% for UST,, ; criterion and 29.58% for
MDP criterion under case 1 condition. Therefore, the effect
of dilation coefficient should be taken the supporting
parameters and strength design of tunnel into account.

5.2.3 The effect of elastic strain form and rock mass damage

In this study, the geometrical and mechanical parameters
of circular tunnel are shown in Table 3 (soft rock). Fig.7
presents the influence of elastic strain form in the plastic zone
on the surface displacement of surrounding rock. From the
above analysis, the relevant conclusions can be summarized
as follows:

* The radial displacement of plastic zone is closely related
to the selection of the elastic strain form. Case 2 has the
greatest effect on the radial displacement of plastic zone,

JOURNAL OF MINES, METALS & FUELS

followed by Case 3. Then, the results obtained by Case 2
is minimal. For example, when r=R (tunnel surface),
compared with Case 1, the dimensionless surface
displacement u E/(p R ) respectively increase by 0.272 for
Case 2 and 0.206 for Case 3 with an increasing rate of
16.47% for Case 2 and 12.46% for Case 3 under GLD
criterion.

e Meanwhile, the influence of elastic strain form on the
radial displacement of plastic zone is also closely related
to the strength criterion. For example, the dimensionless
surface displacements u,FE/(p,R) are respectively 1.926
for Case 2 and 1.860 for Case 3 under GLD criterion.
However, the value significantly increases by 18.32 % for
Case.2 and 31.71 % for Case.3 under GTSS criterion.

When the rock mass enters the plastic zone, its
mechanical behaviour are closely related to the rock damage
degree. Generally, the Young's modulus attenuation could be
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Fig.8. The effect of rock mass damage

used to indicate the damage degree of rock mass. The
influence of rock mass damage degree on the surface
displacement of surrounding rock is shown in Fig.8.

» It can be seen that the radial displacement of plastic zone
is closely related to the selection of the Young's modulus
attenuation model. Compared to the case 3 (£, , =E), case
4 has the greatest effect on the radial displacement of
plastic zone. Case 3 (£, = 0.65E) is the second. For
example, as shown in Table.6, compared with case 3
(£,,,=E), the dimensionless surface displacement
u E/(p,R,) of Case 3 (£, = 0.65E) and Case 4 increases
by 0.163 and 0.074 with an increasing rate of 7.49% and
3.40% respectively under GTSS criterion.

* In addition, the influence of Young's modulus attenuation
on the radial displacement of plastic zone is closely related
to the strength criterion. For Case 3 (£, = 0.65E) and
Case 4, the dimensionless surface displacement
u E/(pyR,) of surrounding rock are 1.971 and 1.911
respectively under GLD criterion. However, when taking
GSMP criterion, the value significantly increases by
25.82% and 24.54% than GLD criterion, respectively.

TABLE 6 THEDIMENSIONLESS SURFACE DISPLACEMENT (1 E/(p R ) OF
CIRCULAR TUNNEL

GLD GTSS GMC GSMP

Case 3 m=0,E, =F 1.860 2.177 1.937 2.297
m#0, E, = 065E 1.971 2.340 2.061 2.480

Case 4 m=#0, E,, = 0.65E 1.911 2.251 1.993 2.380

6. Conclusions

By summarizing and simplifying different strength theories, a
new unified criterion equation is firstly proposed based on
the certain assumption. Then, a new unified closed-form
solution for circular opening based on the newly proposed
unified criterion equation is deduced. In the plastic zone, four
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different elastic strain assumptions are applied to solve the
plastic zone deformation. Then, the validity of the solution is
also verified by comparing with the traditional solution.
Finally, the influences of strength criterion effect, dilation
coefficient, elastic strain form and rock mass damage on the
mechanical response of surrounding rock are discussed in
detail. The primary conclusions can be summarized as
follows:

1. For the radius of plastic zone, the calculation results
obtained by TR and VM criterions which ignore the
impact of friction effect are obviously largest, followed by
IDP, MC and MDP criterions. The result obtained by CDP
criterion which overestimates the effect of intermediate
principal stresses on rock mass strength is minimal
compared to other criterion solutions. In addition, the
calculation results obtained by UST ;, GSMP, GMC and
GLD criterions may be given an intermediate range.
Therefore, UST, 5, GSMP, GMC and GLD criterions can be
strongly recommended for evaluating the mechanics and
deformation behaviour of surrounding rock, followed by
IDP, MDP, GTSS and MC criterions. TR, VM and CDP
criterions are not recommended to be used.

2. The influence of dilation coefficient on the surface
displacement of surrounding rock is not only closely
related to the assumption form of elastic strain in the
plastic zone, but also to the strength criterions. As the
dilation coefficient gradually increase, the dimensionless
surface displacement presents the nonlinear increase
characteristics. Therefore, the support parameters design
should take the influence of the dilation coefficient into
account.

3. The elastic strain assumption forms in the plastic zone
have a significant important effect on the deformation of
plastic zone under ignoring the effect of rock mass
damage. Case 1 gives a smallest deformation and seems
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to overestimate the plastic bearing capacity of rock mass;
However, Case 2 gives a largest deformation and may be
underestimated the plastic bearing capacity of rock mass.
Therefore, Case 3 may be more reasonable for evaluating
stability of surrounding rock and optimizing support
strength design.

4. The effect of Young's modulus attenuation on the
deformation of the plastic zone is not only related to the
selection of the Young's modulus attenuation model, but
also closely related to the strength criterion. If ignoring
the continuity of Young's modulus attenuation, the
deformation of surrounding rock is easy to be
overestimated or underestimated. So, the Young's
modulus power function attenuation seems to give more
reasonable results.
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